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Preface 


Simply, quantum calculus is ordinary classical calculus without the notion of 
limits. It defines g-calculus and h-calculus. Here h ostensibly stands for Planck’s 
constant, while qg stands for quantum. A pioneer of q-calculus in approximation 
theory is the former Professor Alexandru Lupas [117], who first introduced the g- 
analogue of Bernstein polynomials. Ten years later Phillips [133] introduced another 
generalization on Bernstein polynomials [113] based on g-integers. Ostrovska 
[125, 127] studied g-Bernstein polynomials. After that several researchers have 
estimated the approximation properties of several operators. This book is an attempt 
to compile and present some papers on q-calculus in approximation theory. 

We divide the book into seven chapters. In Chap. 1, we mention some notations 
and basic definitions of g-calculus, which will be used throughout the book. We 
also present the generating functions of some of the important g-basis functions. 
In Chap. 2, we present some discrete g-operators, which include the g-Bernstein 
polynomials, g-Baskakov operators, g-Szdsz operators, g-Blemian—Butzer—Hahn 
operators, and q-Meyer—K6nig and Zeller operators. We present the approximation 
properties of such operators. 

In Chap.3, we present the g-analogue of integral operators which include gq- 
Picard and g-Weierstrass-type singular integral operators and study their rate of 
convergence and weight approximation. We also discuss error estimation and global 
smoothness preservation property of such operators. In the last section of this 
chapter, we study generalized Picard operators and pointwise convergence, order of 
pointwise convergence, and norm convergence of the generalized operators. In the 
last section, we study the g-Meyer—Konig—Zeller-Durrmeyer operators and estimate 
the moments and some direct results. 

In Chap.4, we study the integral modifications of Bernstein operators using 
the qg-beta functions of the first kind. We present the approximation properties of 
the g-Bernstein—Kantorovich operators, g-Bernstein—Durrmeyer polynomials, dis- 
cretely defined g-Durrmeyer-type operators, and genuine q-Bernstein—Durrmeyer 
operators. We mention the moment estimation, direct results, and the limiting con- 
vergence of such operators. We have also included a section on fuzzy approximation 
and applications. 
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In Chap. 5, we discuss some other recently introduced q-integral operators on the 
positive real axis. To tackle such operators, we generally use g-beta functions of 
the second kind. This chapter includes g-Baskakov—Durrmeyer operators, g-Szasz- 
beta operators, g-Sz4sz—Durrmeyer operators, and g-Phillips operators. We present 
moments, recurrence relations for moments, asymptotic formula, and weighted 
approximations for such operators. 

In Chap. 6, we study the statistical convergence of the g-operators. We mention 
results for a general class of positive linear operators and present statistical 
approximation properties in weighted space. We also present the results for g-Sza4sz— 
King-type operators and g-Baskakov—Kantorovich operators and the study rate of 
convergence. 

In the last chapter, we present the quantitative Voronovskaja-type estimate for 
certain g-Durrmeyer polynomials. In this way, we put in evidence the overconver- 
gence phenomenon for these g-Durrmeyer polynomials, namely, the extensions of 
approximation properties (with quantitative estimates) from the real interval [0, 1] 
to compact disks in the complex plane. Also, we study the complex g-Gauss— 
Weierstrass integral operators. We show that these operators are an approximation 
process in some subclasses of analytic functions giving Jackson-type estimates 
in approximation. Furthermore, we give q-calculus analogues of some shape- 
preserving properties for these operators satisfied by the classical complex Gauss— 
Weierstrass integral operators. 


Kirikkale, Turkey Ali Aral 
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Introduction 


Nowadays there is a significant increase of activities in the area of g-calculus due 
to its applications in various fields such as mathematics, mechanics, and physics. In 
1910, Jackson [103] defined and studied the g-integral. He was the first to develop 
q-integral in a systematic way. Later the integral representations of g-gamma and 
q-beta functions were proposed by De Sole and Kac [49]. 

The applications of g-calculus in the area of approximation theory were initiated 
by Lupas [117], who first introduced g-Bernstein polynomials. Also in the last 
decade, Phillips [133] proposed other q-Bernstein polynomials, which became 
popular. Later several researchers obtained the interesting properties of g-Bernstein 
polynomials and their Durrmeyer variants; we mention some of the papers in 
this direction as [45, 86, 94, 129, 130]. The g-Bernstein—Durrmeyer-type operators 
are based on q-beta function of the first kind. The approximation of vector- 
valued functions by g-Durrmeyer operators with applications to random and fuzzy 
approximation was discussed by Gal and Gupta [77]. Another important operator, 
namely, g-Bleimann, Butzer, and Hahn operators, was discussed in [27] and also 
in [10, 60, 120]. The g-Baskakov operators in two different setups were proposed 
and studied in [30, 32]; also some direct results in terms of Ditzian—Totik modulus 
of continuity were discussed in [63]. Recently we [31] proposed the g-analogue of 
Baskakov—Durrmeyer operators, which is based on q-improper integral, namely, g- 
analogue of beta function of the second kind. Another important g-generalization of 
the well-known Sz4sz—Mirakyan operators was proposed by Aral [25] and studied 
in detail by Aral and Gupta [29]. The authors have also proposed the g-analogue of 
$zasz—Mirakyan—Durrmeyer operators in [33]. Several mixed g-analogues of hybrid 
summation-integral-type operators were proposed, some of them are discussed in 
this book. 

Other g-analogues of integral operators are the g-Picard and g-Weierstrass- 
type singular integral operators. It can be observed that the g-Picard and the 
q-Gauss—Weierstrass singular integral operators give better approximation results 
than the classical ones. Trif [150] studied some approximation properties of the 
operators Mug f(x). Also, Dogru and Gupta [55] proposed some other bivariate g- 
Meyer—KG6nig and Zeller operators having different test functions and established 


xi 
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some approximation properties. Govil and Gupta [84] considered g-Meyer—K6nig— 
Zeller-Durrmeyer operators which are discussed here. 

In the recent years, many researchers have studied the statistical convergence 
for linear positive operators. Here, we present statistical convergence results for a 
general class of operators. We also discuss results for g-Szasz—King-type operators 
and g-Baskakov—Kantorovich operators and study rate of convergence. 

For the quantitative Voronovskaja-type estimates for certain complex operators, 
we put in evidence the overconvergence phenomenon, namely, the extensions of 
approximation properties (with quantitative estimates) from the real interval to 
compact disks in the complex plane. We study complex operators of g-Durrmeyer- 
type and complex g-Gauss—Weierstrass integral operators. We show that these 
operators satisfy approximation process in some subclasses of analytic functions 
giving Jackson-type estimates in approximation. Furthermore, we give q-calculus 
analogues of some shape-preserving properties for these operators satisfied by the 
classical complex Gauss—Weierstrass integral operators. 


Chapter 1 
Introduction of g-Calculus 


In the field of approximation theory, the applications of qg-calculus are new 
area in last 25 years. The first g-analogue of the well-known Bernstein polyno- 
mials was introduced by Lupas in the year 1987. In 1997 Phillips considered 
another g-analogue of the classical Bernstein polynomials. Later several other 
researchers have proposed the qg-extension of the well-known exponential-type 
operators which includes Baskakov operators, Sz4sz—Mirakyan operators, Meyer— 
K6nig—Zeller operators, Bleiman, Butzer and Hahn operators (abbreviated as BBH), 
Picard operators, and Weierstrass operators. Also, the g-analogue of some standard 
integral operators of Kantorovich and Durrmeyer type was introduced, and their 
approximation properties were discussed. This chapter is introductory in nature; 
here we mention some important definitions and notations of g-calculus. We give 
outlines of g-integers, g-factorials, g-binomial coefficients, q-differentiations, q- 
integrals, g-beta and g-gamma functions. We also mention some important q-basis 
functions and their generating functions. 


1.1 Notations and Definitions in g-Calculus 


In this section we mention some basic definitions of g-calculus, which would be 
used throughout the book. 


Definition 1.1. Given value of g > 0, we define the q-integer [n], by 
Lf, g#l 
[nq = jas ? 
n, q=1 
forn EN. 


We can give this definition for any real number A. In this case we call [A], a 
q-real. 
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Definition 1.2. Given the value of g > 0, we define the q-factorial [n],! by 


pa) Pg la— Mg-*- [gs = 1,2... 
lyt=4 5 ee . 


forn EN. 


Definition 1.3. We define the g-binomial coefficients by 


forn,k EN. 


The g-binomial coefficient satisfies the recurrence equations 
n| _|n-1 aug n—-1 
ke Rea ofl 
q q q 
n| — »x|n-1 n—-1 
Haale irae 
q q q 


Definition 1.4. The g-analogue of (1 A) is the polynomial 


and 


(i-+x)5 


Yr Sai les ae n=1,2,... 
“(1 n=0. 


(1.1) 


(1.2) 


(1.3) 


A q-analogue of the common Pochhammer symbol also called a g-shifted factorial 


is defined as 


7° 


= 
| 
a 


(x39)0 = 1, 03¢)n = [Ul —4'x), (s@)0 = T]( - a'x). 


i=0 i=0 


Definition 1.5. The Gauss binomial formula: 
n 
(x+a)" = y | gi UP agi gd, 
q 


j=0 


Definition 1.6. The Heine’s binomial formula: 


Mo S [nqln+ lq [e+ j=l. 
= ha tik 


(1— 


1.2 q-Derivative 3 


Also, we have the following important property: 


n 


a i G1 
J q 
1.2 q-Derivative 


Definition 1.7. The g-derivative D, f of a function f is given by 


Ff (x) — f (ax) 
(1—q)x 


(D,f) (x) = , ifx 0, (1.4) 


and (D,f) (0) = f (0) provided f’ (0) exists. 
Note that 


if f is differentiable. 
It is obvious that the g-derivative of a function is a linear operator. That is, for 
any constants a and b, we have 


Dg {af (x) + bg (x)} = aDg {f (x) } + bDg {8 (x)}- 


Now we calculate the q-derivative of a product at x ~ 0, using Definition 1.7, as 


Ff (ax) 8 (9x) — f (x) 8 (x) 


_ fe )s(a)— flag) +flaan)g)— fa) 3) 
(q—1)x 
_ flax) (8 (a) ~8 (2) | F(a) ~ fF) 8) 
(q—1)x (q—1)x 


= f (4x) Dag (x) + Daf (2) 8 ()- 


We interchange f and g and obtain 


Da {Ff (x) 8 (x) } =f (x) Dag (x) + Daf (x) 8 (42) - (1.5) 


The Leibniz rule for the g-derivative operator is defined as 


D!” (fe)(2) = 3. H po f(xq’-)D! g(x). 
q 
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If we apply Definition 1.7 to the quotient f (x) and g (x), we obtain 


fix), 1 flax) Ff) , Ff) fl 
ria} = Gar etn g(x) g(ax) ro 


Lf f(x) —F (0) 1 fff) 8 (qx) 
cont (q—l)x \ oon { g(ax) g(x) } 
—~ 1 pny, FO Jah)—s(a) 
= ml + Af (q—1)x } 

g(x) gf (x) —f (x) Dag (x) 
PCONIO) : =“ 


The above formula can also be written as 


f(x) | _ g (qx) Daf (x) — f (qx) Dag (x) 
Pa { (3) } - 3(@x)e) 


Note that there does not exist a general chain rule for g-derivative. We can give a 
chain rule for function of the form f (u(x)), where u = u(x) = ax? with a, B being 
constant. For this chain rule, we can write 


Da{F(u(s))} = Da fr (ox) } 
f (aghx) — f (ax®) 


(q—1)x 
_ f(aaPx?) — f (ax?) axghxP — ox? 
7 agexB —axB  ~ (q—1)x 
_ f(qPu) —f(u) u(gx) — ule) 
giu-u — (q—1)x 


and, hence, 


Dy {fF (u(x))} = (Dypf) (w(x)) Dg (u(x)). 


Proposition 1.1. Forn>1, 


1.3 g-Series Expansions 5 


Proof. According to the definition of g-derivative we have 


l+qx)?—-(14x)? 


= n-1{(L+g"x— (1 +x)} 
= (1+ 4x)G . =r 


= [n], (1 t+qx)e 1. 


According to (1.6), we have 


- 1 _ Dg(l pa), 
4 (1+x)§ a Loh eee 
[7] 
1+q"x) ( “ba, 


In|, 

142)3t! a 
Remark 1.1. Suppose n > 1 and a,b,r,s € KR, then by simple computation, we 
immediately have the following: 


Dy(a+ bx)G =[n],b(at+ bqx)r-, 


Dg(ax+ byG = [n]ga(ax+b)r', 
and 
(l+ax)p | (1 +aqx)i-! (1+ax)j 


= |r\ga S = : 
*(1+bx)s (1 +bqx)s Seppe 


1.3 q-Series Expansions 


Theorem 1.1. For |x| < 1, |q| <1, 


where (1—x)7 = Tk=0 (1- gkx). 
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Proof. Let 


Clearly 


* i=0 (1-49)5 
_ — (1—aq)i' 1 
= om (l—@)e 
= (l—aq); , 
=(1 x = (1—a) falqx 
(1-9) gh = (a fala) 
or 
fa (x) — fa (qx) = (1 — a) xfa (Gx). 
Also 
pena s "igs 
a a er (1-4) q 
= —AX fag (x) 


fa (x) =(1— ax) fag (x). 


Combining the above two equations, we get 


1—ax 
Toy fa (#)- 


Fa (x) = 
Iterating this relation n times and letting n — oo we have 


OO £5 A, 


Thus we have the desired result. |_| 


Corollary 1.1. (a) Taking a=0 in Theorem 1.1, we have 


= |x| <1,|q| <1. 
=a 


1.3 g-Series Expansions 


1 
a’ 


(b) Replacing a with 
have 


EO =U-a)g, lal <i. 


(c) Taking a= ae in Theorem 1.1, we have 


>a ieee ; Feae 


k=0 k q (1 —x)P 


We consider Corollary 1.1(a). We can write 


which resembles Taylor’s expansion of classical exponential function e”. 


Definition 1.8. A g-analogue of classical exponential function e* is 


and 
1 
O= Tae 
Definition 1.9. Another g-analogue of classical exponential function is 
K(k) xk a 
Ea) a2 He! =(1+(1—4)x)5 
k=0 q 


The qg-exponential functions satisfy following properties: 


Lemma 1.1. (a) Dgéq (x) = eq (x), DgEg (x) = Eg (qx). 
(b) @g(x) Eg (—x) = Eg (x) eg(—x) = 1. 


and x with ax, and then taking a = 0 in Theorem 1.1, we 


(1.7) 


(1.8) 
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Note that for g € (0,1) the series expansion of e, (x) has radius of convergence 
er On the contrary, the series expansion of E, (x) converges for every real x. 


1.4 Generating Functions 


In this section we present the generating functions for some of the important q-basis 
functions, namely, g-Bernstein basis function, g-MKZ basis function, and q-beta 
basis functions (see [95]). 

We can consider the g-exponential function in the following form: 


‘ 1 4: = n+k—-1 k 
lim Gy = hm | k Je 


ny (lag 1)..-U-4@") 


me & Ug —@)... 4) 
= xk 
= tage aa 7 0) 


Another form of g-exponential function is given as follows: 


co ght Di2xk 


pa - (l—q)(1—q y—agh 7 Eat: 


Based on the q-integers Phillips [132] introduced the g-analogue of the well- 
known Bernstein polynomials. For f € C[0,1] and 0 < q < 1, the q-Bernstein 
polynomials are defined as 


Baglt = Ya ot (Fe iF (1.9) 


[n]q 


where the g-Bernstein basis function is given by 


n = 
bL,(x) = H x*(1—x)7 *,x€ [0,1] 
q 
and (a—b)" =[T'9(a—q°b), a,bER. 
Also Trif [150] proposed the g-analogue of well-known Meyer—Konig—Zeller 


operators. For f € C[0,1] and 0 < q < 1, the g-Meyer-Kénig—Zeller operators are 
defined as 


Mana (f,) = Sm (Ft), (1.10) 


[n] q 


where the g-MKZ basis function is given by 


1.4 Generating Functions 9 


= | (1—x)I,x€ (0, 1]. 
q 


For f € C[0,°°) and 0 < qg < 1, the g-beta operators are defined as 
= Vv wy (she). (1.11) 
& id gq |n|q 


where the q-beta basis function is given by 


ae 
knee Balk+1,n) (1 x)nt?? 


[0,-°) 


and B,(m,n) is q-beta function. 
Now we give the generating functions for g-Bernstein, g-Meyer—Konig—Zeller, 
and q-beta basis functions. 


1.4.1 Generating Function for q-Bernstein Basis 


Theorem 1.2. bi. (x) is the coefficient of a z in the expansion of 


-eq((1—4)(1 =a) 


mien q)(l X)qt) = [k]q! a in]q! 
1 = xk(1—x)nent 
[Klot 4 [n]q! 


[n+ Iqln+ 2]q.....[m+k]gx*(1 —x)nent* 


a [n+ k]q![k]q! 
Site) ease 
EE | ea 

oa er x(1—x)n- kyn ee t" 
= = Bin Vag 
>A eer ee eal 


This completes the proof of generating function for bh Pea | 
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1.4.2. Generating Function for q-MKZ 


1 n 
Theorem 1.3. my (x) is the coefficient of t* in the expansion of a a 


Proof. It is easily seen that 


This completes the proof. a 


1.4.3, Generating Function for q-Beta Basis 


Theorem 1.4. It is observed by us that vj_,(x) is the coefficient of ae in the 
7 


1 
expansion of ao Eq (—585) . 


Proof. First using the definition of g-exponential E(x), we have 


1 ss ( (l—q) )- >a (k-1)/ x a 
(+xgtt +a" x)q Toe Sera lq! 
= y gh D2 x rf 
em ees we (Ala! ! 
a 3 fee wre [k+l q[k+2]q.-.[n-+k]q 
k=0 (l+x)e°*! [In+k q! 
= ¥ ey ea [nat 
k=0 (l+2)g? | on gt + Ald! 
> a eee a 
—% Balk + 1,2) (1+x)2t! [nt kjq! 
= vf,(x) 
> fe atk 


This completes the proof of generating function. a 
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1.5 q-Integral 
The Jackson definite integral of the function f is defined by (see [103], [149]): 


[rede =0-aad, flaaa’ aeéR. (1.12) 


n=0 


Notice that the series on the right-hand side is guaranteed to be convergent as soon 
as the function f is such that for some C > 0, a > —1, |f (x)| < Cx® in a right 
neighborhood of x = 0. 

One defines the Jackson integral in a generic interval [a,b] : 


[rede= [reddex— [6 edaex 


Now we give the fundamental theorem of quantum calculus. 


Theorem 1.5. (a) If F is any anti q-derivative of the function f, namely, DgF = f, 
continuous at x = 0, then 


[re d,x = F (a)— F (0). 


(b) For any function f one has 
Dy fF @)dyt = F(x). 
Remark 1.2. (a) The qg-analogue of the rule of integration by parts is 
[8@)Daf dex =F) eh— [F(ax) Dye) dyx 
(b) If u(x) = ax, change of variable formula is 
u(b) b 
i i) Lda [ Fu) Dye) dyyex: 
Definition 1.10. For m,n > 0 the q-beta function [104] is defined as 
B,(m,n) = ae ~ gt)" dgt. 


It can be easily seen that form > 1,n > 0 after integrating by parts: 


[m— Iq 


[n] q 


By(m,n) = By(m—1,n+1). 
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Also from Definition 1.10, we have 
g(m,n + 1) =f a | - 1h. q"t)dgt 


ine cea a im — qt)n "dat 


= By(m,n) — q"By(m+1,n). 


The improper integral of function f is defined by [49, 107]: 


00 /A 
ff ()dgx = (1 -) v4(£ -) £, AER. (1.13) 


n=—ee 


Remark 1.3. If the function f satisfies the conditions | f (x)| < Cx%, Vx € [0,€), for 
some C > 0, a@ > —1, € > Oand|f (x)| < Dx8, Vx € [N,o), for some D > 0, B < —1, 
N > 0, then the series on the right hand side is convergent. In general even though 
when these conditions are satisfied, the value of sum in the right side of (1.13) will 
be dependent on the constant A. In order to get the integral independent of A, in the 
anti qg-derivative, we have to take the limits as x — 0 and x — 1, respectively. 


Definition 1.11. The g-gamma function defined by 
1/1—q 
ry(t)= | x¥~1Ey(—qx)dgx, t>0 (1.14) 
0 
satisfies the following functional equation: 
Tg (¢+1) = [14 (4), 


where |?], = tae and T, (1) = 1. 


Remark 1.4. Note that the g-gamma integral given by (1.14) can be rewritten via 
an improper integral by using definition (1.13). From (1.8) we can easily see that 


Ey (- G = 0 for n < 0. Thus, we can write 


i ee 
ry) = [ vB, (—gx)dgx, 1>0. 


Definition 1.12. The qg-beta function is defined as 


xf 1 


——~ dx, 1.15 
(14x qx ( ) 


oo /A 
B,(t,s) =K(A.1) [ 
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and the g-gamma function is defined as 


2°/A(1—q) 
rH) =K(A,t) [ " xt leg(—x)dgx, (1.16) 


0 


t = 
where K (x,t) = av (i+ ae (1 +x)4 es 


Remark 1.5. The q-gamma and q-beta functions are related to each other by the 
following identities: 


Bg(t,s) = wo (1.17) 
and 
_ By (t,-) 
ae 


The function K (x,t) is a g-constant, ie., K(qx,t) = K(x,t). In particular, for any 
positive integer 7 


n(n—1) 


K(x,n)=q 7 , K(x,0)=1. 


Also 


lim K(x,t) = 1,Vx,t ER 
qo 


and 


lim K(x,t) =x +21,vre (0,1), xER. 
q70 


It also satisfies K(x,t + 1) = q'K(x,t) (see [49]). 


Chapter 2 
q-Discrete Operators and Their Results 


This chapter deals with the g-analogue of some discrete operators of exponential 
type. We study some approximation properties of the g-Bernstein polynomials, 
q-Szasz—Mirakyan operators, g-Baskakov operators, and g-Bleimann, Butzer, and 
Hahn operators. Here, we present moment estimation, convergence behavior, and 
shape-preserving properties of these discrete operators. 


2.1 q-Bernstein Operators 


After the development of quantum calculus, A. Lupas was the first who gave the 
q-analogue of the Bernstein polynomials. Let f € C[0, 1]. The linear operator Ly q : 
C[0, 1] > C[0, 1], defined by 


Lng( fsx) °= y ; (4) Bi x(*), (2.1) 


where 


i gh k-D/24k(] —x)yrk 


b? (x) = - 
nl ) Wo —x+qix) 


is called Lupas g-analogue of Bernstein polynomials. He established some direct 
results for the operators L,,,, which were later studied in details by Ostrovska [127]. 

In the year 1997 Phillips [133] introduced another qg-analogue of Bernstein 
polynomials by using the q-binomial coefficients and the g-binomial theorem. 
Phillips and his colleagues have intensively studied these operators and many 
applications and generalizations have been investigated (see [134] and references 
therein). Also Ostrovska (see [125, 126, 129, 130]) established some interesting 
properties on such operators. In [128], she gave a systematic study on these 
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operators on the completion of one of the decade on q-Bernstein polynomials. Also 
the other researcher who worked on g-Bernstein polynomials, we mention the work 
of Wang Heping and collaborators [96—98, 100]. Recently Iinski and Ostrovska 
[102, 125] obtained new results about convergence properties of the g-Bernstein 
polynomials. This section is based on the g-Bernstein polynomials by Phillips [133]. 


2.1.1 Introduction 


We can verify by induction, using (1.2) or (1.3), that 
RA k r(r—1) k P 
(l+x)(1+qx)...l+q'x)=¥q 2 x (2.2) 
; q 


which generalizes the binomial expansion. 
For any real function f we define g-differences recursively from 


0 
Af = fi 
fori=0,1,...,, where n is a fixed positive integer, and 


ART! fi = Ab fini — AGS (2.3) 


i 
for k = 0,1,...,2-—i-—1, where f; denotes (at. When q = 1, these reduce 
n 
q 
to ordinary forward differences. It is easily established by induction that the gq- 
differences satisfy 


a= Dae [ET far 24) 
¢ 


See Schoenberg [140], Lee and Phillips [108] and [134, p. 46]. 


2.1.2 Bernstein Polynomials 


Theorem 2.1. For each positive integer n, we define 


n—r—1 


B,(f3x) = pee "| x” Il (1—4q*x), (2.5) 
r=0 


q r=0 
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7 
where an empty product denotes | and, as above, f- = sab) When q = 1, we 
n 
q 


obtain the classical Bernstein polynomial. We observe immediately from (2.5) that, 
independently of q, 


B,(f;0) = f(0), Bn(fs1) = FU) (2.6) 


for all functions f. We now state a generalization of the well-known forward 
difference form (see, e.g., Davis [46]) of the classical Bernstein polynomial. 


Theorem 2.2. The generalized Bernstein polynomial defined by (2.5) may be 
expressed in the q-difference form 


n 


Bf) =>, "| Ay fox’. (2.7) 
q 


r=0 


Proof. The coefficient of x* in (2.5) is 


oe =] n— n k _ s(s—l 
Sa,” ,) coe) =[2) Seu | a. 
s=0 q q q 


s q s=0 
We see immediately from the expansion of the g-difference (2.4) that the coefficient 


of x* in (2.5) simplifies to give k | A‘ fo, thus verifying (2.7). o 
q 
We note in passing that (2.7) provides an efficient means of computing B,(f;.), 
using (1.2) or (1.3) to evaluate the g-binomial coefficient recursively and (2.3) to 
compute the qg-difference recursively. Let us write the interpolating polynomial for 
f at the points xo,...,X, in the Newton divided difference form 


7 
where the empty product denotes |. For the choice of points x, = a O<r<n, 
n 
q 


we can express the divided differences in the form of q-differences. Specifically, we 
may verify by induction on k that 


k 
DHA) ag AGfi 
f bi, ---  Xi44] =4q [n], [Kk]! 


: (2.8) 


(See Schoenberg [140], Lee and Phillips [108].) From the uniqueness of the 
interpolating polynomial it is clear that if f is a polynomial of degree m, then 
Aj fo = 0 for r > mand A? fo #0. Thus it follows from (2.7) that, if f is a polynomial 
of degree m, then B,,(f;x) is a polynomial of degree min(m, 7). In particular, we will 
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evaluate B,(f;x) explicitly for f(x) = 1,x and x’. First we obtain 


By(13x) =1 (2.9) 
and with f(x) =x, we have fy =0 and 
ty Oy 
Agfo= fi fo Tal, il, Fly’ 
Since |” = [n],, we deduce from (2.7) that 
Ha 
By(x3x) =x. (2.10) 
For f(x) =x’, we compute fy = 0, 
Se a A 
ee () (m) i 
and using (2.4), 
>, (2a) _ [2] (Wa), (Wa) _G+a?-(+0) _ a +a) 
sen~ (i Bh my) *\i,) ~ me OE 
Thus 
x°3x) = [n : Xx Inlg la = Ng ED 3 
iT an 
and, since [2], = 1 +g and q{n— 1], = [n], — 1, we obtain 
Ce ee ec (2.11) 
In|, 


We note that the relations (2.9) and (2.10) are identical to those obtained for the 
classical Bernstein polynomials (corresponding to the case g = 1), while (2.11) 


differs only in having [n] F in place of n. 


2.1.3 Convergence 


In the classical case, the uniform convergence of B,(f;x) to f(x) on [0,1] for each 


f € C[0, 1] is assured by the following two properties: 


1. B, is a positive operator. 
2. Bn(f;x) converges uniformly to f € C[0, 1] for f(x) = 1,x and x”. 
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Recall that if a linear operator L maps an element f € C0, 1] to Lf € C[0, 1], then 
L is said to be monotone if f(x) > 0 on [0,1] implies that Lf(x) > 0 on [0,1]. We 
observe that the generalized Bernstein operator defined by (2.5) is monotone for 
0 <q< 1. On the other hand, for a fixed value of g with 0 < q < 1, we see that 


[x], as n —> ce 


l=¢ 
and in the case it is clear from (2.11) that B,, (7x) does not converge to x*. To obtain 


a sequence of generalized Bernstein polynomials with g 4 1 which converges, we 
let ¢ = q, depend on n. We then choose a sequence (q,,) such that 


1 
1--<q@<l. 
n 


Then we have 


1-- <q) <\forl<r<n-1 
nN 


and thus 
1 1 
a, = ee Se eee a ol >n- a Le 5(n+1); 


so that [n],,, — ce as n — 0, 
We now state formally our result on convergence. 


Theorem 2.3. Let q = (qn) satisfy 0 < qn < 1 and let qn > 1 as n> ©. Then, if 
fEC(0, 1} 


By( fsx) = aM 


converges uniformly to f on [0,1]. 


pie (l=) 


qn 


Proof. This is a special case of the Bohman-Korovkin theorem. (See, e.g., Cheney 
[42], Lorentz [114].) Alternatively, we may follow the proof given in Rivlin [138] 
for the convergence of the classical Bernstein polynomials, except that n must be 
replaced by [n|, when estimating how closely B, (x?;x) approximates to x*, as in 
(2.11) above. a 


Given a function f defined on [0, 1], let 


w(6)= sup | f(x1)— f(x2) |; 


x1 —x2|<6 


the usual modulus of continuity, where the supremum is taken over all x), x2 € [0, 1] 
such that | x; — x2 |< 6. Then we have: 
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Theorem 2.4. If f is bounded on [0,1] and B, denotes the generalized Bernstein 
operator defined by (2.5), then 


3 
Il f — Buf lle 2” (aa): (2.12) 


Proof. Rivlin [138] states this theorem for the case where g, = 1 for all n, and his 
proof is easily adapted to justify (2.12). | 


2.1.4 Voronovskaya’s Theorem 


In this section we will follow Davis [46], beginning with the sums 
n n nar ; 
Sm(x) = > (rly — [elg)” "| x [J] G-@x). (2.13) 
q s=0 


Let us write 


and so express S,,(x) in the form 
fm 
Sm(x) = [n]? »y ( ‘ ) (—x)"" *By (x°3x). (2.14) 
s=0 


We have already noted that B,,(x°;x) is a polynomial of degree min(s,n) in x. Thus 
Sm(x) is a polynomial of degree at most m in x. Since B,, is a linear operator we also 
obtain from (2.14) that 


Sm(1) = [n} Ba((x—1)"31) =0, (2.15) 
using the property (2.6) that B,(f;x) interpolates f(x) at x = 0 and x = 1. We deduce 


from (2.15) that (1 — x) is a factor of S,,(x), for m > 0. From (2.7) we find by direct 
calculation (using the symbolic language Maple) that S¢ has the form 


5 
S6(x) =(1—x) >) a,x” (nl; (2.16) 
r=1 


where a, is a polynomial in x and q. In the lemma below, we are concerned with the 
dependence of S¢ on [n] @ The coefficients a;,a2 and a3 are as follows: 
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ay = 1—(4410g+ 109? +5q3 +q*)x+ 
(6 + 20g + 35q7 + 39q? +. 29q* + 15q° +59° +q’)x? — 
(4+ 15q+31q° +. 46q° + S1q* + 44q° + 299° + 14g’ + 5q° +q?)x* + 
(1+4q+9q? + 15g? + 20g" + 229° + 209° + 154’ +9q° +49? +q'°)x", 


ay = (-14+-10g+ 10g?+5q°+q*)+ 
(3 — 4q — 364” — 524° — 40q* — 19q° — 6q° — q’)x 
( 
( 


~3 — 3q + 124° + 469? + 7244 + 674° +. 439° + 19q’ + 698 +.q°)x* + 
Lag— Tg 20g —30g" ~ 32g" 259’ = 13g? 59 a ie: 


and 
a3 = (1— 16g +4? + 1343+ 11g +4q° +4°) + 
(—2 + 6q + 30q"+ 5q° — 2244 — 26g — 154° — 5q’ — q*)x 
(1 — 64? — 1443 — 6q* + 9q° + 159° + 11g” +498 +.9?)2?. 


We have quoted the values of aj,a2 and a3 for the sake of completeness, although 
we do not need to know their values. However, we do require the values of 


a4 = (1—q)*(q(10 + 10g + 5g? +. q°)(1 — qx) —1+x) (2.17) 
and 
as = (1—q)*. (2.18) 


The presence of the factors (1 — q)? and (1 — q)* in (2.17) and (2.18), respectively, 
proves to be significant. For we observe that, with 0 < g < 1, we have 


621-92 (2.19) 
In], 


for any positive integer n. Thus if [n] dn 7? © AS N —> 99, We see from (2.16) that 
So(x) behaves like In] for large n and not like [n]?,,- We now give a generalization 


Qn 
of Lemma 6.3.5 of Davis [46] as a prelude to a generalization of Voronovskaya’s 


theorem. 


Lemma 2.1. Let q = qn satisfy 0 < qn < 1 and let qn > 1 as n > ©. Then there 
exists a constant C independent of n such that, for all x € [0,1], 


n n—r—1 
> | | x” [] U-@x)< 
r 
dn 


3 
s=0 [n]2 


| lan 


[n| 


—4| Ea lan’ 
qn 
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Proof. From the inequality (2.19), together with (2.16)-(2.18), we deduce that there 
exists a constant C independent of n such that 


3 
qn 


| S6(x) |S CIn| 


for all x € [0, 1]. Since 


it follows that 


(an —xl>(n]~4 
qn 


Theorem 2.5. Let f be bounded on [0,1] and let xo be a point of [0,1] at which 
Sf" (xo) exists. Further, let q = qn satisfy 0 < qn <1 and let qn + 1 asn— ~. Then 
the rate of convergence of the sequence of generalized Bernstein polynomials is 
governed by 


lim on (Bn(f3x0) — f(xo)) = sro —xo)f" (xo). (2.20) 


n-eo 


Proof. We replace Lemma 6.3.5 of Davis [46] by the lemma stated above and then 


the proof of Theorem 6.3.6 of Davis is readily extended to justify (2.20). Thus the 


error B,(f3x) — f(x) tends to zero like a . At best this is like i for the classical 


Bernstein polynomials. However, through our choice of the sequence (q,), we can 
achieve a rate of convergence which is slower than } and indeed may be as slow as 
we please. Such a birthday gift! | 


2.2 q-Szasz Operators 


In this section, we give a generalization of Sz4sz—Mirakyan operators based on q- 
integers that we call g-Sz4sz—Mirakyan operators. Depending on the selection of 
q, these operators are more flexible than the classical Sz4sz—Mirakyan operators 
while retaining their approximation properties. For these operators, we give a 
Voronovskaya-type theorem related to g-derivatives. Furthermore, we obtain con- 
vergence properties for functions belonging to particular subspaces of C[0, ee) and 
give some representation formulae of g-Sz4sz—Mirakyan operators and their rth q- 
derivatives. This section is based on [25, 29]. 
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2.2.1 Introduction 


In this section, as Phillips has done for Bernstein operators, we introduce a similar 
modification of the Sz4sz—Mirakyan operators [148] that we call g-Szasz—Mirakyan 
operators and examine the main properties of this new approximation process. 
Recall that the Bernstein operators were defined with the aid of the functions defined 
on [0, 1] as opposed to the classical Szdsz—Mirakyan operators which are defined 
on Ro := [0, °°) in order to analyze the approximation problems for the functions 
defined on the same interval. Although, from the structural point of view g-Szasz— 
Mirakyan operators have some resemblances to classical Sz4sz—Mirakyan operators, 
they have some similarities to Bernstein—Chlodowsky operators from the properties 
of convergence standpoint. That is, the interval of convergence grows as n — © as 
in Bernstein—Chlodowsky operators. Our new operators with this construction are 
sensitive or flexible to the rate of convergence to f. That is, the proposed estimate 
with rates in terms of modulus of continuity tells us that, depending on our selection 
of q, the rates of convergence in weighted norm of the new operators are better than 
the classical Bernstein—Chlodowsky operators. 


2.2.2 Construction of Operators 


For 0 < q < 1, we now define new operators that we call the g-Szasz—Mirakyan 
operators as follows: 


Sn (fs qx) = SA (f; x) 


: (ix) 
=£, (-Inl,*) Bs (Fe) = (2.21) 


n/ K=0 In], k],! (bn) 


where 0 < x < a(n), O(n) := Teor f € C(Ro), and (by) is a sequence of 
q 


positive numbers such that limb, =. 
n—-yoo 


We observe that these operators are positive and linear. Furthermore, in the case 
of g = 1, the operators (2.21) are similar to the classical Sz4sz—Mirakyan operators. 

By the properties of the series in (1.7), the interval of domain of operators (2.21) 
is the interval 0 < x < Q(n) for 0 < q < 1; in the mean while the operators are 
interpolating the function f on Ro. Note that the interval of convergence grows as 
n—» co, A similar situation arises for Bernstein—Chlodowsky operators (see [35, 43, 
70, 113]). 

We denote by e,, the test functions defined by e,, (t) := 1" for every integer m > 0 
and for each x > 0, @, (t) :=t—x such that t—x > 0. 
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2.2.3 Auxiliary Result 


In the sequel, we need the following results: 


Lemma 2.2. For0 <x < Oy (n), when 0 <q < 1 and integer m > 0, we have 


m(m—1 mal b ee j(j—-1 : 
Si(ensx)=q" ex" + > (2) S,(m, j)quz x, (2.22) 
j=l q 


where Sg (m, j) are q-Stirling polynomials of the second kind. 


Proof. Using (1.8) and the Cauchy rule for multiplication of two series [21, p. 376], 
from (2.21) we have the representation 


II 
Ms: 
M- 

| 

= 
“=G 

ei 
Ss 

——N 

oa 

= 

> 

Se ae 
= 

— 

& 

= 
Tec 
wo 


S41 (f; : 
a j=0i=0 OF lig! Li—i]g!bn 
Sf ltl, I xf 
= a | Ali, 2.23 
(= oT eee) 


where Aj fy as in (2.4). 
We can easily see from (2.4) for f (x) =x”, m=0, 1, 2,... 


for j => 0. 
Also we know that the connection with q-differences Aj fo and jth derivative f (i) 
is the following: 


Ai, fo f') () 
giv-0 [j],! j! 


where € € (0, [j]) (see [134, p. 268]). From this equality, it is obvious that q- 
differences of monomial ¢” of order greater than m are zero. Thus, we have 


m—j 
m b (jl), 
Senin) = $( | Sq(m, j)q’ = 2! 


j=0 In, 


m(m—1) 1 m-l by m-j a de) 2 
=q 7 x*+)>D Sq(m, j)q° 2 x, 
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where 
; 1 j i.) |j|,. am 
S,(m, /)=— ov -1)g? | iit 
Ugg? 
are the Stirling polynomials of the second kind satisfying the equality 
Sq (m+ 1, i) = Sq (m, J- 1) af [A] ,Sa (m, ps 


for m > 0 and j > 1 with S, (0,0) = 1, S, (m, 0) = 0 for m > 0. Also Sy (m, j) =0 
for j > m. Thus the proof is completed. | 


Lemma 2.2 gives the explicit expression of S¥ (@m;x) for m = 0,1, 2: 


S4(eo3x) =1 (2.24) 
S4(e1;x) =x (2.25) 
S4 (e273 x) = qx? + oe (2.26) 


The equality (2.24) can also be obtained from (1.1, b). 


Remark 2.1. Since for a fixed value of gq withO <q < 1, 


1 
noo” 4 _ q 
to ensure the convergence properties of (2.21), we will assume g = qn as a Sequence 


such that qn, —> 1 as n — © for 0 < gy < 1 and so that [n],, — as n +o, 


2.2.4 Convergence of S?" (f) 


Proposition 2.1 (g-L’ Hopital’s Rule). Suppose that throughout some interval con- 
taining a, each of f and g are q-differentiable and continuous functions and 


(Dgg) (x) # Ofor q € (0,1)U(1,e). if 


lim f (x) = limg (x) =0 


xa xa 


and there exists q € (0,1) such that for all q € (g,1)U(1,q7') 


fim Daf) (2) 


ra (Deg) (x) 


9 


26 2  q-Discrete Operators and Their Results 


then 
f (x) 
xa g (x) 
Proof. Suppose that x is close enough to a so that throughout the interval between a 


and x, f and g are q-differentiable with (D,g) (x) 4 0. Then by q-Lagrange theorem 
(see [137]), there exists 7 € (0, 1) such that for all g € (¢,1)U(1,g¢"') 


=L, 


where [1, [2 € (a,x). 
Since [; and [2 are between a and x, x — a implies that uw; — a and Mo > a. 
Hence for all g € (¢,1)U(1,¢"'), 


tim t ©. = tin (Daf) (oH) 
xa g (x) Xa (Dg) (LU2) 
sin Pal V0) 5 
xa (Dgg) (x) 


Now we give a Voronovskaya-type relation for the operator (2.21). 


Theorem 2.6. Let f € C(Ro) be a bounded function and (qy,) denote a sequence 
such that 0 < qn < 1 and q, — 1 as n — ©. Suppose that the second derivative 


Dif (x) exists at a point x € [0, 4, (n)) for n large enough. If lim oF = 0, then 
noo Udn 


les (Sy (Fs) — £0) = hx tim DEF). 


nce by 2 ql 


Proof. By the qg-Taylor formula [137] for f, we have 


f(t) =f (x) + Def (x) (tx) + Patt x) (t—x)2 +®, (x32) (¢—x)3 


for 0 < q < 1 where (t — i, = (t — x) (t — qx). By application of g-L’ Hopital’s Rule, 
there exists gj € (0,1) such that for all g € (qi, 1) 


limo, (x: 1) = lim! (t)— of) Pil (x) (tx) 
q 


where we use the equality 
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where 


(=x), — Il (-a'x) 


(see [59]). 
By applying again of g-L’Hopital’s Rule, there exist ¢2 € (0,1) (G1 < q) such 
that for all g € (q,1) 


D5 f (t) — Def (2) 
[2], 


lim®, (x; 1) = lim =0. (37) 


By assumption the function ®, (t) := ®, (t;x) is a bounded function for all q € 
(G2, 1). Consequently, we can write 


we (S2" (fsx) — F(x) 
n 2 xX) \|n 
= Da,f (x) we (gyi 8) + Pe Pan se (@—a4,54) 


+ ran st (®o, (t) (t =a), ‘ x) 


no, Dif (x) Wa, 
= Daf (x) 3, 8 (Qx3 x) 1 1] a 


So (23x) 
qn 


lan [ Pan f(x) 
+ ae (ig (1 — gn) St (ss3) +58 (Bu (9 293,33) ) 


By (2.24)-(2.26), we get 


lim Flan san (x; x) =0 (2.28) 
peves bn n Xo . 
lim lon Si (gx) 2 (2.29) 
neo hb, "% \T*? : 
and thus 
tim [hte (Si" (fx) — fF (x)) 
no b a ; 


n 


1 n 
= =x lim D2 f (x) + lim va San (®,, (t) (¢-x);, =) 


2 an an: neo 
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Now, the last term on the right-hand side can be estimated in the following way. 

Since lim®,, (t) = 0, then for all € > 0, there exists 6 > 0 such that |t—x| < 6 
tx 

implies |®,, (t)| < € for x € [0, O, (m)) where n is large enough. While if |t — x| > 

6, then |®,, (t)| < YO (t), where M > 0 is a constant. Hence we can infer 


— (se (%, Oe. *)) 


n 


[n 
= (Sit (Wan (0) 85 ¥)) 
nq, 
+x (1 = an) (Si" (Ban (1) Px3 )) 
Plan (an (92: oe 
Se b (Sin (3 x) +x(1 — qn) Si" (x3 x)) 
a, Me (S% (pe; x) +x(1 — qn) S™ (@3; x). (2.30) 


If we calculate $7" (g? ; x) by using Lemma 2.2, we get 
Si (8s x) = x4 (48 — 4a3 + 64n —3) 


2 (a3 (1 F 21a, 7 Blon) 4 (1 21,,) +6) Dn 


an 
a (m (1 + [2,, + Pl, ) -4) eg 
| il, Me, 


Since limb, = ce then we have 
n—yoo 


a = 4qn +6qn—3 
ily, (a= 4ah-+6qn—-3) =a) (EE) 


n—poo by n—yoo by 


We thus obtain 
n 
lim Flan san (Gx) S0 (2.31) 


neo Dy 


for fixed x € [0, a, (n)) where n is large enough. Using Lemma 2.2 we can easily 
see that 
[n 


tim (1 — gn) “58 (St (g2)) =0 (2.32) 


n—eo by 
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and therefore by (2.31), (2.32), and (2.30), we conclude that 


Mo, 


lim (se (®,, (t) (tx), :2) J =f 


noo Dy 
for fixed x € [0, %, (n)) where n is large enough and therefore, we have the desired 
result. a 
We know that if f is differentiable n times, then limDjf (x) = f”) (x) (see [81, 
qa 
p. 22]). Using this property we have the following corollary. 


Corollary 2.1. Let f € C(Ro) be a bounded function and (qn) denote a sequence 
such that 0 < qn < 1 and qn > 1 asn— ©. Suppose that the second derivative f" (x) 


exists at a point x € [0, On (qn)) for n large enough. If lim oF = 0, then 
nee Ulan 


en a 
lim = (Si (f3x) — F(a) = 54f" x). 


neo by, 

Recall that a continuous function on an interval, which does not include 0, 
is continuous q-differentiable. According to this, for every x in an interval not 
including 0, since g-derivatives of f become finite, we deduce the q-differentiable 


condition in Theorem 2.6. In other words, Voronovskaya-type theorem is valid only 
for continuous and bounded functions. 


Corollary 2.2. Let f € C(Ro) be a bounded function and (qn) denote a sequence 


such that 0 < qn < land qn + lasn— . If lim oP = 0, then 
noo Wan 


Plan ($4 (fx) — f (x) = 2x lim D2, f(x) 


n 2 qr 


for every point x € (0, On (qn)), where n is large enough. 


Remark 2.2. If the assumption of Theorem 2.6 holds for the function f, then the 


pointwise convergence rate of the operators (2.21) to f is O (f+). Also this 
qn 


convergence rate can be made better depending on the chosen q,, and is at least 
as fast as bn which is the convergence rate of the classical Bernstein—Chlodowsky 


operators (see [35, 133]). 


2.2.5 Convergence Properties in Weighted Space 


As we mentioned above, when g, — 1 as n —> ©, the interval [0, 0, ()) which 
is the domain of the operator 5” (f) grows. In this case the uniform norm is not 
valid to compute the rate of convergence for these operators. So we will consider 
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weighted function spaces and the weighted norm. In this section, we obtain a direct 
approximation theorem in weighted norm and an estimate in terms of the modulus 
of continuity. These types of theorems are given in [65,66]. Now we recall this 
theorem. 

Let @ be a continuous and monotonically increasing function on the positive real 
axis, such that jim @ (x) =+e0 and p (x) = 1+? (x). 

Let Bp (Ro) be the set of all functions f satisfying the condition |f (x)| < 
Mrp (x) ,x € Ro with some constant M;, depending only on f. We denote by Cp (Ro) 
the space of all continuous functions belongs Bp (Ro) with the norm 


fll = sup Hi) 


and C (Ro) = {fe Cp (Ro) : lim Eee < co}. 


Theorem 2.7 ([65]). Let {A,} be a sequence of positive linear operators acting 
from Cp (Ro) to Bp (Ro) satisfying the following three conditions: 


lim |A,(9%:x) — 9" (2)|lp =O, v=0,1,2. 
Then 
lim |Ay (fix) — F @)llp =0 
for any function f € CG (Ro). 


The definitions of the spaces Cp (Ro) and CG (Ro) are the same as C,, (Ro) and 
C® (Ro), respectively, if we take p (x) = 1 +x” (m > 2) instead of p (x) = 1+ @? (x). 


Theorem 2.8. Let (q,) denote a sequence such that 0 < qn <1 and qn > 1 as 
n—> ce. For any function f € C9, (Ro), if lim at = 0, then 
noo Wan 


i [Si” (fs x) — FO) 
im sup 


N°) 1< Olan (n) 1+ 22m 


=0. 


Moreover, for n large enough 


a EI <1 va)o(s | 


O<x< gy, (n) 1 ae ae [n] dn 


where w(f;-) is the classical modulus of continuity. 
Proof. Applying Theorem 2.7 with @ (t) = e» (t) , m > 1, to the operators 


yf Sa (fsx) if O<x< a, (n) 
An (f5 x) = Ge if x > Od, (n) 
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to complete the proof, it is sufficient to show that the conditions 


‘ | sf" (ev, (t ); x) —x"| 
im sup 


co 2. 
n> 0<x< gn (12) 1+x4m 


=0, v=0,1,2 (2.33) 


are satisfied. As a consequence of Lemma 2.2, since |S" (1 +12"; x)|<C(1 +x") 
for x € [0, Q%, (n)) where n is large enough and C is a positive constant, {S7"} is a 
sequence of linear positive operators acting from C2, (Ro) to Crm (Ro). 

From (2.24) 


. |S4" (eosx) — 1] 
lim sup ———,—= 
7 O<¥<Olgy (n) 1 + 7 


holds. Thus the condition (2.33) holds for v = 0. Since lim oF = 0, then there 
n—oeo qn 


a 
exists no € N such that ( ) <a for n > no and j = 1, 2,. —1. By 
qn 


Lemma 2.2 we have, for n > no, 


oe (Em; X) —x"| 


sup T+ 2m 


xe [0, Ogn (n)) 


m—1 b ; iG=1) 
m(m—1) x ( on ) San (m, J) qd xd 
ee 
XE [o, Ogn (n)) I+x 
m(m—1) m—1 iG=1) Fil 
<(1-ar Joa 7 axa: ) 
qn j=l 
Hence we obtain 
lim sup [SH (emi) = 2") SH (emi x) ~ x" =0 
eo 2 . 
ae xe [o, Gn (n)) ] ci ms 
Thus the condition (2.33) holds for v = 1. 
Similarly, we have, for n > no 
|S" (€2m; x) — ee) 
sup 1.x 
xe [0, On (n)) x 
2m—1 b 2m—j i(i=1 
<(1— _ ) 
~ ( n a sup 1 + x2m 
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That is, for v = 2, the condition (2.33) is satisfied. Therefore, the proof is completed 
from Theorem 2.7. 

For the second part of the theorem, using the property of the modulus of 
continuity w(f,-) forevery 6 > 0, t > 0 and x >0, 


If) -F@)< (1487-2?) o(f,8). 


Using this inequality we can write 
st (fe4) — £091 < 20 ( f,y/SH (92:9) 


for f € C2), (Ro). Since 


san 2. b, 
sop te) < (1g) 
x€ [0, Ogn (n)) +x lon 

= (1—4n) + (1 — Gn) Ogn (72) 
< 2(1— Gn) G%, (1) 

=2 Pn 

"a, 
for n large enough, we have the desired result. a 


Remark 2.3. In [35, Theorem 2.1] it has been shown that for any function f 
satisfying Theorem 2.8, the weighted rate of convergence of classical Bernstein— 


Chlodowsky operators is O () . As a consequence of Theorem 2.8 we say that the 


rate of convergence of 5%” (f) to f in the weighted norm is oF , which is at least as 
qn 
by 


fast as 72. 
n 


2.2.6 Other Properties 


In this section, we give two representations of the rth g-derivative of g-Szasz— 
Mirakyan operators in terms of the g-differences and the divided difference and 
then obtain a representation of g-Sz4sz—Mirakyan operators in terms of the divided 
differences which is the modified form of the representation of the classical Sz4sz— 
Mirakyan operator given in [145, pp. 1183-1184]. Note that these representations 
are not obtained using classical derivatives and forward differences. 
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Proposition 2.2. For each integer r > 0 


; j 
| r) & (lal ((nl,+) 
Dj (Si (f32)) = Eq ( [ng ) p> () A 7. (2.34) 
-_ Pn] OK bn Pe Lig! On) 
Proof. The proof is by induction on r. According to (1.4) we set Dg (, (- [n] t) ) 
= pl E, ( [n|q i). Applying the D,-differential operator to (2.21) and using 
Lemma 1.1, (1.5), and (2.3) we find 


[n] x\< [i] q bn [n]qx 
Dg (St (fs x)) ey ( tla) Sr( le ek 
lg oS Lit Hq bn ((nl,+) 
T Dn FE, ( [ waz) Er n, Lil! (bn)? 
j 
O\ In], Les Ngbn liq bn (14+) 
ome) eo) 
j 
x\ ole (a2) 
_— Eq ( lyaj-) » bn AGfi Lig! (bn)? 
Similarly, 
Dz (Si (fs x)) 
= Dg (Dg (Si (f; x))) 
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Thus (2.34) holds for r = | and r = 2. Let us assume that it holds for some r > 3. 
Applying the q-differential operator to (2.34) we find 


Dg (D; (Si (f))) 
= Dj" (Sh(fs2)) 


by using (2.3). This shows that (2.34) holds when r is replaced by r+ 1, which 
completes the proof. | 


Using the following connection between the divided differences and the 
q-differences given in [134, p. 44] 


aif = (7) iittig’ts” p [Pol bali pe ae = , (235) 


then we have the following representation formula. 


Corollary 2.3. For each integer r > 0 


Dy (Si (Fx) 


r(r=l Vs ali) Balj nlitr lay 
= ft —tiya Z) Stl, oe 


Corollary 2.4. The q-Szdsz—Mirakyan operator can be represented as 


st(fis)= Da fo, a atl 


& lal 


Proof. From the equalities (2.23) and (2.35), the proof is obvious. a 


2.3. q-Baskakov Operators 35 
2.3 q-Baskakov Operators 


In this section we propose a generalization of the Baskakov operators, based on 
q-integers. We also estimate the rate of convergence in the weighted norm. We 
also study some shape-preserving and monotonicity properties of the g-Baskakov 
operators and also different generalizations of classical Baskakov operators based 
on q-integers defined in [30, 136]. 

First, we recall classical Baskakov operators [37], which for f € C[0, -) are 


defined as 
aray= > ("tara 'e(2) 


k=0 


This section is based on [32]. 


2.3.1 Construction of Operators and Some Properties of Them 


For f € C[0, -°), g > 0, and each positive integer n, a new q-Baskakov operators 
can be defined as 


Bralfis) = 3 |"TEO"] aM x aehes (Sat) 
q 


k—0 k Gg [nq 


Pee a 
~ 2 Pr ( it (auger): (2.36) 


While for g = 1 these polynomials coincide with the classical ones. 


Definition 2.1. Let f be a function defined on an interval (a,b) and h be a positive 
real number. The g-forward differences A; of f are defined recursively as 


MiG) f(a) 
AUT £ (xj) 1 = Q"AGF (cy41) — ALF xy) 


forr> 0. 
Note that the above definition is different from definition given in [134, p. 44]. 
As usual, we show divided differences with f [xo,x,,...,%n] at the abscissas 
X0;X15+++5Xn- 


We now show the following general relation that connect the divided differences 
f (x0,%1,---;Xn] and g-forward differences. 
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Lemma 2.3. For all j,r > 0, we have 


rajtr-1) AD f (x;) 
[r],! 


f ig | =O (2.37) 


| 


[i] 
where x; = er 


Proof. Let us use induction on r. By Definition 2.1, the result is obvious for r = 0. 
Let us assume that the equality (2.37) is true for some r > 0 and all j > 0. Since 


r+1 
ieee 
git" 
we have 
tesa =f Rpts 
F [px jets xjtrti] = Xjtrtl —Xj 
git? rajtr+i) AY f (x;41) raj+r—1) AD f (x;) 
= ear q 2 + -q 7 4 
Pt], Ir],! le 
reir) a | PAGS (xj41) — AGF (xj) 
lee ila! 


(HHH) ST (AG) 
eel) ; 


Lemma 2.4. Forn, k > 0, we have 


Dy Oa (—x, ante] = [hg (4D nge FH DAK g (2 Dnte — (2.38) 


Proof. First, we prove that Dg(—x,q), = [n|q(—9x,q),_,- Using q-derivative 
operator (1.5) we have 


n—1 n—1 
Dy(—%q), = oon (ii (1 +qi*1x) - Il (1 +4) 


j=0 j=0 
= -—_ [|] (1 +47"'x) (1 +4") — (1+2)) 
eal 
n__ yn—2 
7 TT (+45) 
j=0 


= [n]q (—qx, Dn-1 . 
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The q-derivative formula for a quotient (1.6) imply that 


02a, == [n+ k]g (4%, Dnte—1 
(—X, 9) nk (—9 Mntk 
— [n+ Ky (—X, Dn tent: (2.39) 
Also it is obvious that 
Deaha (2.40) 


Then using (2.40) and (2.39), the result follows by (1.5) 


Dy [a (- x ran = [kl], x! (=x, Dase— FR +g (Dare | 


We wish to calculate the moments. For this purpose we give q-derivative of 
Bn gq. Next theorem gives a representation of the rth derivative of B, g in terms of 
q-forward differences. 


Theorem 2.9. Let r > 0. Then the rth derivative of q-Baskakov operator has the 
representation 


_ 


k 
DiBagl( fx) =! re » q* P44 (2) yar (sae) (2.41) 


Proof. We use induction on r. Equality (2.38), 


q 
and 
k-1 k 
[Pte] petty = ly] E* 
q q 
imply that 
— |n+k-1 Ra 1) [kK] 
nee rae _lile 
Pabnal ts) = | a ye Doin (aa) 
S| ntk—-1] Kc 2 [K] 
“2 | A n+hly(—nantunf (Geir) 
ig — | nt+k MOY kk eel [K+ 1]q [lq 
a tees (Fat) 1 atts) 


= [n], Ler Lk ait (- Fit,” 
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It is clear that (2.41) holds for r = 1. Let us assume that (2.41) holds for some r > 2. 
Applying q-derivative operator to (2.41), we have 


: ae ie KRV) |, 
10 fan U5) ng F*)) — “Th Tt = q - eed oe 
k=] q 
k-1 -1 r [klq 
xx —X,q aa (gli) 
( deep  \ gk lIn|q 
peta n+k+r—1 D ark 
ee k wt 
se x k a n+k+rlqq*q 


= r is 
xx (=x, Q)nteersi Moh ( ri) 


_ [natriq! < | br Hk ( 
q 


-1 
- [n— 1a! k=0 k =F) eis 


« (0 ane) 8 Cae) 


k 
= a ts Ya os PT ns partis lg ) 


Va! ge Inlq 


This completes the proof of the theorem. | 


Corollary 2.5. g-Baskakov operators can be represented as 


x 


Baal fa) = as OS 
Proof. By Theorem 2.9, we have 
Di (Bna())le-g = ain A F(0) 
_ [nt+r—1)q! r 


for r > 1. By using the above equality in g-Taylor formula given in [137], we get 


co 


ae [n+r—1]q!,, 
Baal fos) = Mr. 


xr 


(2.42) 


From Lemma 2.3 and Corollary 2.5, we have the following corollary. 
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Corollary 2.6. The q-Baskakov operators can be represented as 


S [atr—1)g! _-! 9) 2 
Baal fia) = ERE po, a, ty |, 


r=0 


We are now in a position to give the moments of the first and second orders of 
the operators By g. 


Lemma 2.5. For Byq(t",x), m=0,1,2, one has 


Bng(1,x) = 1 
Bug(t,x) = %, 
Bag’ a= + a (1 + =) 
[n\q q 
Proof. \t is well known [134, p. 10] that 
gene) 


F [x0,%1,.-.54r] = a (2.43) 


where € € (xo, x;). We also see from Lemma 2.3 and (2.43) 


rr) Abf (xo) f (E) 
q 2 | 7 


noir r! 


Thus it is observed that rth q-forward differences of x” ,m > r are zero. From (2.42), 
we have 

Bg (1x) = 1. (2.44) 
For f (x) =x we have A°/(0) = f (0) =0 and Alf (0) =f (x) — f (0) = j,k and 
it follows from (2.42) 

Bug (t,x) =x (2.45) 


For f (x) =x? we have A? f(0) = f(0) =0 and Ajf (0) = ra : ) fO\= rie and 
aze (0) =af (Ft) - +a F (pe) - 20) 


q\n|q 


Big?) = oe (212i 1) e+e 
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gd 1 2 

Ging Tag 

= 2475 (144s), (2.46) 
[nq q 


The following proposition is another application of g-derivatives, which enables 
us to give the estimation of moments: 


Proposition 2.3. If we define 


then U4 )(x) = 1,U4 (x) =x and there holds the following recurrence relation: 
[Mg Up mt (4X) = Gx(L +x) Duin (x) + 9X[1]qQU im (Gx),m > 1. 


Proof. Obviously 7-9 i (x) = 1; thus, by this identity and (2.1), the values 
of U4,(x) and U7 ,(x) easily follow. From Lemma 2.4, it is obvious that x(1 + 
gq” **x)DgPt. (x) = ([kq — 4" [n|qx) Pt, (x), which implies that 


g'|nl, 


n(Lbsy iP) =( # | Maps (gp 


Thus using this identity, we have 


gx(1 +x) D Udy ( = San 1+2)D,P%, (x ) (aE) 


adie deed [a )- 


k—0 gt [n]q 


= [qm (4) — 9211] qQU im (92)- 


This completes the proof of the recurrence relation. | 


2.3.2 Approximation Properties 


We set 


F(R) := {F €C(Ri) : lim ZG exist 
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and 
Bo (Ry) = {f: |F@)| SB (1+)} 
where By is a constant depending on f, endowed with the norm || f||, := sup ay 
x>0 


As a consequence of Lemma 2.5, the operators (2.36) map E(R4) into Ey (R,). 
Since for a fixed value of g with g > 0, 


; 1 
=a 

Bn (t7,x) does not converge to x” as n —> ce. According to well-known Bohman-— 
Korovkin theorem, relations (2.44), (2.45), and (2.46) don’t guarantee that 
limo Bn.q,f = f uniformly on compact subset of R+ for every f € E> (R+). To 
ensure this type of convergence properties of (2.36) we replace gq = qn as a sequence 
such that g, > 1 as n + © for gy, > 0 and so that nl, — co asn— co, Also, Brg, f 
are linear and positive operators for g, > 0. In this situation, we can apply Bohman— 
Korovkin theorem to Byq,. That is: 


Theorem 2.10. Let (g,) be a sequence of real numbers such that qn > 0 and 
lim) 00 Gn = 1. Then for every f € E2(R+) 
jim Baan f = f 


uniformly on any compact subset of R+.. 


Theorem 2.11. Let g = qy satisfies q, > 0 and let q, — 1 as n > ~. For every 
f € By (R+), 


tim sup Baar (Fi) FOO] _ (2.47) 


N59 (1 + 2) 


Proof. Since f is continuous, it is also uniformly continuous; on any closed interval, 
there exist a number 6 > 0, depending on € and f; for |f — x| < 6 we have 


If()-f@)|<e. 
Since f € Bz (R+), we can write for |t —x| > 6 
IPF) <Ap (8) { (0-2) + (142°) ral}, 


where A (6) is a positive constant depending on f and 6. 
On combining above results, we obtain 


If) Fa) <e+Ay (8) {(¢-2) + (1427) al}, 
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where t,x € R,. Thus, we have 
Bras (f32) — F(X) <€+4(8) {Bray ((1 =) 3x) + (1427) Brg, (It —a1;3)} 


and from Lemma 2.5 


“ap Bnan(F2) = F (2) i fi id 
es Lae Sener na (+5) : nan (: | x) 


and this completes the proof. | 


Remark 2.4. Using the similar method given in [12, p. 301], we have 


xf LY) 
[Brian (f3x) — f (x)| < Map (ies (1445) ; 


where @(f; 6) is classical second modulus of smoothness of f and f is bounded 
uniformly continuous function on R+. Thus, we say that the rate of convergence of 
Bngn (f) to f in any closed subinterval of R, is , which is at least as fast as 


[nlan 
aa which is the rate of convergence of classical Baskakov operators. 


2.3.3 Shape-Preserving Properties 


Definition 2.2 ((115, 116, 131]). Let f be continuous and a nonnegative function 
such that f (0) = 0. A function f is called star-shaped in [0,a]; a is a positive real 
number, if 


f (ax) < af (x) 
for each a, a € [0, 1] and x € (0,a]. 
From the definition of g-derivative (1.5), the following lemma is obvious. 


Lemma 2.6. The function f is star-shaped if and only if xDq(f) (x) = f (x) for 
each q € (0,1) and x € (0, a]. 


Theorem 2.12. /f f is star-shaped, then Bn g (f) is star-shape. 


Proof. From Theorem 2.9, we can write 


— k n k(k=1 _ 
= inl, Se vhs ( At ) | | qt (=x,q)rle 
q q q 
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[k] n+k—1) Wey py ei 
ie k q x (—% OD) ark 
q 


— n+k cll 1) k gl —1 
= >| ‘ | q 2 Gx (-x,Qnrkyt 
q 


-Zt(a 


k=0 
Lael, Ala 1 [k+ 1]q 
(et) (a) (a) 
Since 
i akg 
[K+ Ng [K+] 
we have 
Da (Bug(f.x)) — 2E) 


= Wh oP ( ot (Sao ) *(aat,)): (2.48) 


Since f is star-shaped, we have 


cig! (am) 2! Cath): 


From this inequality and (2.48), we have the desired result. a 


Now we give a certain monotonicity property of the g-Baskakov operators 
defined by (2.36). Similar results for the classical Baskakov operators were given 
in [41]. 

Theorem 2.13. Suppose f (x) is defined on (0,-°) and f (x) > 0 for x € (0,¢). If 
fe) is decreasing for all x € (0,°°), then Dg (A.te2)) <0 for x € (0,°°) and for 
all q € (0, ©). 

Proof. From (2.36) we get 


PtSi (get) [eg | ee aa nae! 


k—1 
q [n]q k q 


If we take q-derivative of above equality and using Lemma 2.4, then we have 


y(t?) = 36 seit) |e] A ee soe 
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ee [k]q n+k-1 K(k-1) k-1k-1 = 
= »y f rae q 2 [n+ k]qq x (ae 
me \a "Inq k q 


0 7 
+Dy (2 (=), ') ; 
Also using (1.5) and (1.6), we get 


Di, (2 (mal) = f (0) ( aq), nO) ( aia 


gx? 


Therefore, 


k+1 n+k Kk-1) 7 - 
ae) ak is ak few) ad 


q 
~ [k] n+k—-1 k(k-1) ates a 
-3 (she k q = [nt+kgq Lk (x, g)y te 
q 


we have 


(f3x) n+ - am 1) va 1 =i 
Dy (Fast) nd = (— x, ntktl 
k=1 q 


[k + 1]q on [a \O'M, 
f ca) f ‘lant a, ) is 


Since f (x) > 0 and Lex Big nonincreasing for x € (0, ©), 
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for all g € (0, ee) and x € (0,°°). a 


2.3.4 Monotonicity Property 


Now we give the following relation between two consecutive terms of the sequence 
Bung (f). Note that similar result for classical Baskakov operators was given in [122]. 


Theorem 2.14. /f f € C(R*), then the following formula is valid 
q" HAH) ok kd 4 n+k 
Bnti,g (F:%) — Bag fx) =-p> ag tT (— xg) | 
[n], [n+], k—0 k q 


In+k+ Iq [lq [A+ 1g [kK+I1]q 
[n+ 1], ; g|n+ 1Jq’ g*[n + Iq” [nq 


Proof. Using the equality 
1 = 1 a gags, 


from (2.36) we can write 


— k n+k k(k=1 = 
Br+ig(fsx) = af (aaa) | . la . "x (—x,q)a ted 
“Er (got) [ttt] econ 
: Vq k |, 


~ [kl n+k) ee) nth etl -1 
7 ( = q = qx (—x,q) 
>» g [n+ 1g k , ett 


[n+1]q 


= [k] n+k]  k&e1) _ 
Xf ( t CT Pe (ma apest 
q 


k=0 ge "|n+ 1]q 


= FO)! +O (soa) |e | a A wade 
= q 
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Thus, we have 


Brsigl fix) = f (0) om €. wei 


n+k+1 KK-1) k k+l —1 
. i q 2 GE) (49) nbitt 


k+1 


~ [k]q tek || MEY +k b+] -1 
> r( a q 2 q' (40) vend 
Gg Pelle k i 


-l 
—Xx, Dnvkyi ’ 


we have 
Bn+ig (fx) i Bn (f,x) 
=p k(k—1) 


(Came) "1 ') -#*eae)"T', 


+(e) le) 


Using the equalities 


k re -1 
ga —X, Dntktl 


fst] Se) 


and 
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we can write 
Brig (f,x) —Bng (fx) 


a Beet) 1) _ 
== at 7 r sale | = or) eee re | 
q 


(09 (ges) “eee! Cote) eet! Come) 


Using the inequalities 


k+l, [ly (n+ k+l], 
ain, ge [n+l], aking int U,’ 


[k+ Ul, Ik], _ 1 
Fiat, "(n+l alt 1]q’ 
and 
[A+ 1], [K+ 1], _ q'|k+1], 
Fin, gin+ij, aint], lal,’ 
we can easily see that 
[Kl k+l (K+ 1g) lr +1 /, [kg 
aap hy aeriy q'Inlq | — @(ntk+i, (0 Gang 
[n+k+1]q [k+ 1]q [n]q [K+ 1]q 
men, ! (gar) * K+ 1g C Tie) 
This proves the theorem. | 


We know that a function f is convex if and only if all second-order divided 
differences of f are nonnegative. Using this property and Theorem 2.14, we have 
the following result: 


Corollary 2.7. [f f (x) is a convex function defined on R*, then the g-Baskakov 
operator Bng(f,x) defined by (2.36) is strictly monotonically nondecreasing in n, 
unless f is the linear function (in which case Bn q(f,x) = Bn+iq(f,x) for all n). 
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2.4 Approximation Properties of g-Baskakov Operators 


We establish direct estimates for the g-Baskakov operator given by (2.36), using the 
second-order Ditzian—Totik modulus of smoothness. Furthermore, we define and 
study the limit g-Baskakov operator. 

This section based on [63]. 


2.4.1 Introduction 


We denote by Cg[0,0c) the space of all real valued, continuous, and bounded 
functions defined on [0,°¢). This space equipped with the norm || f|| = sup{|f(x)| : 
x € [0,0¢)}, f € Cp[0,-0) is a Banach space. 

We know that from (2.36), g-analogue of Baskakov operators, which for g € 
(0,1), n=1,2,..., f © Cg[0, ce) and x € [0,°°), is defined as 


k—0 ot [nq 


— n —_ k(k-1 os k 
Brg(f,x) = > | a ' q ‘(xg f (Ht) 
q 


LPO (saer). 


oo [n]q 


For q = 1, we recover the well-known Baskakov operators [37]. 
Here, to obtain direct global estimates for the g-Baskakov operators, we use the 
second-order Ditzian—Totik modulus of smoothness, defined for f € Cg[0,0¢) by 


oo(f:6)= sup sup_— | f(x + hg(x))—2f(x) + f(x—AgG(x))|, (2.49) 
0<h<6 xtho@(x)€[0,-°) 


where @(x) = \/x(1 +4), x € [0,0), let us consider the following K-function: 


Ko,9(f:8) ae jtllf—asll + Slle’e"l + Fle" I}, 
loc ¥5°° 


~ g'EAC 
where g’ € ACj,-[0,°°) means that g is differentiable and g’ is absolutely continuous 


in every closed finite interval [a,b] C [0,c¢). In view of [51, pp. 24-25], we have 
known that wf (f;5) and K2,9(f;67) are equivalent, i.e., there exists C > 0 such that 


Col 06 (f:5) < Kao (f:8°) <$ Cog (f:8). (2.50) 


Here we mention that C will denote throughout this paper an absolute positive 
constant which can be different at each occurrence. Analogously, for the K-function 
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Ko9(f5) = int tlf—all + 5||97e"ll}, 


we have the equivalence of @;(f;5) and K>,9(f;6*) (see [51, p. 11, Theo- 
rem 2.1.1], i.e., there exists C > 0 such that 


C lw? (f;5) < Kr,9(f:8°) < Cos (f56). (2.51) 


Furthermore, for f € Cg[0,°°), g € (0,1), and x € [0,°°), we define the limit g- 
Baskakov operator as 


1-— gk 
Bagl f:2) = (Bngf (x = ¥ val ay (= ). (2.52) 
where 
bnk(gsx) = YP — 9g) -@’) 1... 


xT] i txq°) 7. (2.53) 
s=0 


By Euler’s identity (see [20, Chap. 10, Corollary 10.2.2]), we have 


co 


¥ MV — ge! 198) = TY +29), 


k=0 s=0 


where x € [0,ce) and q € (0,1). Due to (2.53), the last identity implies that 


°° 


Y baglgia) —1 (2.54) 


k=0 


for g € (0,1) and x € [0,°°). Hence 
Boog (fx) SNF DY bo4(93%) = IL, 
k=0 


ie., |B. 

is well defined. 
In what follows we shall estimate the rate of approximation ||By4f — Bof|| by 

the second-order Ditzian—Totik modulus of smoothness of f (see (2.49)). 


[(0,cc). This means that the limit g-Baskakov operator 
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2.4.2 Main Results 


We introduce the space Cg[0,°°) = {f € Cg[0,cc) : there exists lim,,.. f(x) = O}. 
Obviously Cz[0,-c) C Cg[0,e¢) and Cg[0,°°) is also a Banach space. The following 
theorems were studied in [63]. 


Theorem 2.15. Let Co € (0,1) be an absolute constant with the property that q = 
q(n) € (eras 1) for every n= 1,2,.... Then there exists C > 0 such that 


Bnaf — fll < Co (fs [lg 7) (2.55) 


for all f € Cg[0,0°) and n =3,4,.... 


In the next theorem we estimate the rate of approximation ||By¢f — B.of\| for 
f € Cg{0,-2), using the modulus of smoothness (2.49). 


Theorem 2.16. There exists C > 0 such that 


Bnaf — Beall <CO2(fiy/gr!/(A—4")), (2.56) 


for all f € Cg{0,-e), n=1,2,... and q € (0,1). 


2.4.3 Proofs 


The q-forward differences lead us to the moments of the first and second orders 
of Brig. 


Lemma 2.7. We have 
Bnafll < Ill 
for all f € Cg[0,e¢), n=1,2,... and q€ (0,1). 


Proof. For x € [0,°¢) one has |Bn.g(f3x)| < || f]| Bng(1sx) = || f]|, taking into account 
Lemma 2.5. Thus ||Bn¢/|| < |||], which completes the proof. 

Proof of Theorem 2.15. Let g € Cg[0,c¢) with g’ € ACj,-[0,e¢) be arbitrary. From 
Taylor’s expansion 


sit) =e) +e'@t—-a)+ [ e"wlt-wdu, re [0,»), 


we have, by Lemma 2.5, that 


Bng(gsx) — )=Bral fe" g"( )(t—u) du; x). 
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Hence, in view of [51, p. 140, Lemma 9.6.1], we obtain 


(¢—x)? 1 1 20" 
< 
< Bag (+ a) st) ore 


[Bna(8:x) — e(2)| < Bug ( [ie"oiie-wlau 


_ 1 _ s\2. 2 it 
= ppp Beall) 9) 1078" 
tl (t—x)?. 20" 
+ 1B pg (Pix) lo?" 2.57) 
But, by Lemma 2.5, 
Bng((t—)°3x) = Bng(t?3x) — 2xBng(t3x) +23 gB(15x) (2.58) 
1 I 4 
= X(q+x)< Q(x). 
aa gai 


Furthermore, by Hélder’s inequality, we have 


ep \2 
Ba (S 2 7) S {Bng((1tt) sx}? {Brg((t—a)ix)}'?. (2.59) 
Using (2.36), we find that 
Bng((1+t) sx) = y aan gD 

k=0 q 

rite) see) ag 
k-1 2 
q [n]q 

Ga (2.60) 


Because 
( sag?) tag 1 jg) 
— (1 4 gor) 4 dq 4 ge gr 4 grtkl)y 
(Lp grt 23) 24 2k-3 2 


> 142x427 = (ing? 
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for x € [0,°°), we get, by (2.60), 
Brg((1+t)-232) 


E y aa p+ k—2lgln +k Mo ece—ny/2 
= k [n — 2]q[n — 1]q 


else) sag) ag 


ging 


—2n=2k+3) (4 4. y)-2 
OS ele? 


(2.61) 


Using the identities [n-+k —2]q = [k]q+¢*[n—2]q and [n+k—1]q = [k]g +9‘ [n—1]q, 


we obtain 
[n+ k—2Q]qin +k Iq = [kg +9 [k]q (2 — 2g + [2 — 1a) 
+q*|n—2Aqln—1q 
S [kg +24 "Kl glilg + "Ing 
= (Kg +a "Dlg? 
Hence 


[n+k—2]gin+k—1]q 


(eta? 


(2.62) 


Analogously, the identities [n]7 = 1+ q[n—1]q and [n]g =1+9+4°[n—2]q for 


n= 3,4,... imply that 


le 


[n q _ [n]q [n|q 


[n—2]gln— 1g [n—2]q [n— Vg 


= (paa*?) (wea, *4) <6 


The condition g = q(n) € Gu 1) implies 


2 2 
(1 SO ii adi < — ne 
gn 
Now combining (2.61)-(2.64), we obtain 
12 1 
Brg((I+t) 73x) < = Bn—2,q(13x) 
ie co (+x) 
2 1 
Ce (+x) 


for x € [0,c¢) andn = 3,4,.... 


(2.63) 


(2.64) 


(2.65) 
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On the other hand 
Bng((t —x)*:x) = Bng(t*sx) — 4xBng(P3x) + 6% gB(P52) 
— 4x7 gB(t3x) +.%5,gB (13x). (2.66) 


To compute B,,(t’";x), m=0,1,2,3,4, we use Lemma 2.5 and the definition of the 
q-forward differences given above. Then, by direct computations, we get 


1 1+2q+1 1 [n+ laln+2lq 3 
In rin\; g [nl 


Brg (Fx) = 


and 


Big ®) 


[n+ 1a 2 


nls 


(h--3@+h59" +39") 


1 1 
= 5x4 = (14394 39’) 
ne 


@(l+q) 

1 

+ (14 3q+5q° +6q° 
@(l+qg)\l+qt@)+qt+q'+q3) 

[In+1] n+ 2]qln+3]q 4 


[nl 


5q*+3q° +¢°) 


Hence, by (2.66), 


Bn g((t > een) 


~ ett ane {q(1+3q— q )[nlg+ (1 +3q+3q’)}x" 
q q 
+3 oF {P(1—q)" (nla +q(1 +4q 439? — 24°) [n]q 
q 
+ (143q+59?+39)}2° 
+ gs {PU a) t+ a(t +34¢—@ ll 
q 
+ (1+2q+29°+4°)} x4. 


Taking into account the condition g € (cy! ",1), we obtain that g € (Co, 1). Then, 


for x > al sg we have 
In|q 
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1 1 1 
< y+ + {a(t age) +(43¢+3e) ob? 
q 


q(1+4q+3q° +2q°) 


1 
+(1 Haq tse+3¢) ob 
[n\q 
1 


1 3 n\2 \ 3 
Caz {a (1—q") ip ee +3q+q") 


I 
+(1 ‘antag ag}! 
[nq 


< RI ae + 12x? + 23x7 + 12x4} 


Hence, in view of (2.57)—(2.60), we find for x > ;; that 


in] 7 


[Bn.g(gsx) — g(x)| S gy (x)|9°8"| 


pa ee 
x(1-+2) Coln] ” 
1 


Cc Nn 
+ Tag? oles" 


< Glee g" |. (2.67) 


ForO<x< ml 7 we have, by Taylor’s expansion, 


a) =a(a) +802) + fg" WO-wdu, Fe (0,6), 


1 
< Bug((t-—x 2. "<< ——x(14+x)]|2” 
g((t —x)°3x)||8" || als (1+x)|le"l| 


Fills (2.68) 


and Lemma 2.5 and (2.58) that 


IBn,q(gsx) — 8(x)| < Bug ( - |g" (u)|\t — ul du 


< fa 
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Then (2.67) and (2.68) imply 


IBug(gsx) — 8) <$C4 [I972" ll + lle” 
Pile me 


for all x € [0,00). Hence, by Lemma 2.7, we obtain, for f € Cp[0,-), 


Bug f — fll < Bugt — Bn 


+ ||Bngg — all +lle—-ll 


ei} + Ile — fll 


1 1 
< |If-sll+C4 1978" ||+ 
nq n| 


— 


1 
ec} yal gr os" ||t+— ei}. 


nq nig 


Using the definition of the K-functional K2,9(f;1/[n]q), we have ||Bn gf — f|| < 
CKy9(f31/[n]q). Then, in view of (2.50), we get (2.55), which was to be proved. 


Proof of Theorem 2.16. Let g € Cg[0,e¢) with g’ € ACj,,[0,°¢) be arbitrary. By 
Taylor’s formula, we have 


(gop) -*(geri) 
* Gaps apt) amet) 


[Kg/a [nt] 
+f q/f q (sas -") ge" (u) du 
k+1]/aIn+tg \a* [n+ 1a 


Fina ) =«(aeein) 
+ (Go Fee (ae) 


[k+1q/a*[n] 
+ ate (Satu) ew 
[ 


k+l q/aintilg \ a* [nq 


and 


ag 
—~ 
— 
+ 
is 
= 
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Hence, by Theorem 2.14 and [n+k+ 1]g = [n]q+q"[k+ 1]q, we obtain 
Byq(8:X) — Bn+1,q(83*) 


= y PPE a) ag) ag | 
k=0 


"el Ate Garey ami) 


tle (Meg Dey VL (let Ma 
[K+ 1]q ( g‘[n|q aren) 8 (simrir) 
ae KKla/a" [n+1]q [k] 2% \ ie 

. a (Aa Je ne 


q 


[nl a (eu 7 
+ —u u)du?. (2.69) 
[K+ 1]q Jie+ty/atint tig \ a* [ng gl) 


Because 


ot (alll - Ht) « lie (Wee - feta) 


g*In+ Iq g {n+ 1]q [k+ 1]q g (nq g {n+ 1]q 
_ ar 1 [n+1]q— Inq 
[n+1]Jqg gk [nt ]q 
n—k n—k 
_ q q 0, 


Int+1]g @t+l1]q 
we get, by (2.69), 
|Bn.q(gsx) — Bn+iq(83*)| 


< y ge ey ag) eg 


k=0 
Ka/a- Mintl]q [a , 
“k-ll, L11. d 
eT ie la/gntl]y | 2 "(n+ 1]q u| |g” (u)| du 
k-+1]q/4*[n} 
+ [n]q | q/ \\q is lq, |e” (u)|du (2.70) 
[e+ Aq | Jietig/atetily | ally 
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Taking into account the estimate 


[ (t—u)g" (u) du 


1 1 
<(t 2 | 20" 
<9 ( +) lore 


t,x € [0,-°) (see [51, p. 140, Lemma 9.6.1]), we find that 


[klqg/qk'[n +1] k 
teu ied 
k+1]q/a nti, | @' [n+ Ua 
<q" ( [k]q [k+1]q ) g‘[n+ 1g 
_ ge [n+1 3 g'{n+ lq [k+ 1]q 


q'{n+ \q 5 qe [n+ Iq 20" 
(; 1,+¢ n+l * Kyte + il, ) lore I 


- 
n—1 q 1 2a 
= 2.71 

" an ea Kg ) e's | oe) 


and 

Ale [K+ 1]q 
e+ 1q/ain+tlq | 4*[]q 
- lla (Sk [kK+1]q oe 
- [ 


E\nlg  gkint+ 1g) [kK+I1]q 


Is" (u)| du 


g‘int+ Iq g‘ (nq 20 
( i++ Fat, Rely t a a) lee 


ee i [n+1]q [ng - 
= men (eT ae ania) lee | (2.72) 


Then (2.70)—(2.72) imply 
IBnq(g3x) az Bn+1,q(83x)| 


< y Yao ae ae Oars mas eee) ee ee ak 


Belk ae \e & p+Ee iy Ser, 


Gg [n+ 1a [n] 20 
- [n]gln + 1]q (as [n+k+ ]q + + ne) } lore 
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x y GDA 01 4x) 1 4ag) hd t+2g)! 


k=0 
n+k Es n—1 [k+ 1]q | [k+ 1a 
teil att” (peering poe) 
L 72n i [K+ 1]q 1 [K+ 1], 2,// 
a G p+k+ ly * write fi) ples | 
< Age? s GDA 4 x1 tag)... (tag?! 
[nq k=0 
ie i) le" 


n—1 


4q 
= “4B, a(132)||92e" || = 2 — Te 7 11922" 
N\q 


(see Lemma 2.5). Hence 


|Bn.g& — Bn+igall < “Cote 8" ||. 


Now for p = 1,2,..., we obtain 


|Bng& = Bn+ pall |Bng& = Bn+198ll + Bn+1,98 _ Bn+2,98|| 


+... +||Bntp—1,98 — Bn+pg8ll 
4q"} 2 2 
2 l+qt+...4q"t?)||079" 
o \lo2e" | 
4g" =a 
< elles "|= alee “I. 


Then, by Lemma 2.7 for f € Cg[0,0°), we have 


Bu gt — Ba+pgll < Bug f Bng8|l \|Bn.@8 Bn+pg8\l 
7 Bu+p, qg8 — af || 


< |lf- e+ allo" "I +ILf = sll 


<4f If all+4 lee “ih. 
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Hence, in view of (2.51), we obtain 


Bag f — Ba+pal|l a 4Ky (fq '/(1 — q')) 
< Con(fiylg/(1—4")) (2.73) 
for every n,p = 1,2,.... 


On the other hand lim @o(f; Java —q")) = 0, because of f € Cp[0,) 


(see [51, pp. 36-37]). Then (2.73) implies that {V,4f} is a Cauchy-sequence in 
the Banach space Cg[0,°). Thus it converges in Cg|0,°). In conclusion, by (2.73), 
there exists an operator L : Cp[0,-°) + Cg[0,0°) such that 


Buaf —Lfll <Cog(fifar/(— 4") (2.74) 


for all f € Cg[0,00) andn = 1,2,.... 
Finally, we prove that Lf = B..,f for f € Cg[0,0°). Let x € [0,0°) be arbitrary. 
Then 


IL(f3x) — Boog(f3x)| < L(F:x) — Bng(f3x)| 
+ |Bng( fsx) — Boog (fsx)|- 
By (2.36), (2.52), and (2.53), we have 


|Bng(f3x) — Boog (f)| 


° Tntk—1 7 n+k—1 ae 
y | | gk 1)/2,4 Il (1 +xq°) 1 
q 


k=0 s=0 
_ 7 xq®)~! 1—q 

G~ TT 9 gana) 

+ ‘al (1—q) iad 
k=0 q 


+> 02-90-71... d-¢@)} 
k=0 


ATP bse {+(-) (er) | 
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oo 4+k—-1 7 n+k-1 a2 
<r. {[" : | 1)/2,k Il (1 +xq°) 1 
=0 


k=0 s= 
a= TT ate y+un | [Eo] -a-07 
s=n+k k=0 q 


°C 


(l—q?) 1... 9g)! | gh PTT (1 +-xq")! 


s=0 
+¥ MP gy 1-@yt...(l-q) 
k=0 
co 1—g* 1—g* 
“Thor's Gerais) 1) 
IK q ) f gd q’) f ge} 
=+bh+h. (2.75) 


Furthermore, the infinite product [|] (1 +xq°)~ 
s=0 


lis convergent; thus for every 


€ > 0 there exists n{, such that 


co © 


0<1- [J (+xq')' <1-T]4+xq')' < ae 
s=nt+k s=n 3||f 
forn >n', andk =0,1,2,.... Hence, by Lemma 2.5, 
E E 
e< 3 Bng(1sx) = 3" (2.76) 


In view of (2.54), we have B...g(1;x) = 1. By [99, p. 156, (2.8)], we know that 
the inequality 


— . qi 1 
1 Dye In 
Ih ) qi-q) 1-q 


holds for 0 < g < 1 and j = 1,2,.... Then we obtain 


b= If > (l—g)(1-@)...—¢) | “A 
q 


k=0 


g*® YP a—g)'a-@)?...d-¢) 14 T] dt.) 
s=0 


= fll D1d-@")-¢")... gt) 1 
k=0 
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gf VPA — 9) \-@) |... dg) YT] tg’) 
s=0 


© co 


< IIfll Y Q-T]a-¢)) 


k=0 s=n 


gf VPA —9)\1-@) |... dg) YT] tg) 
s=0 


q" 1 
In —V...4(1;x) 
qi-—q) 1-q~" 
q" 1 
= —_, nlf ll 
ql =a) i¢ 


IF 


In conclusion, if € > 0 is arbitrary, then there exists nf such that q” < eq(1— 
q)/(\|f|| In — g)~!) for every n > ni. Thus 


h< = (2.77) 


Finally, because f € Cg[0,0¢) and € > 0 is arbitrary, there exists yz > 0 such that 
k k 
ae ie 


1 
\f(y)| < €/12 for y > ye. Because 


q q 
< for all k =0,1,2,... and 
ge! : ge Lg?) 


n= 1,2,..., there exists ke such that —! > ye fork > ke. Then 
q 
1—¢ € 
Fe) ie 2.78 
(SF) 12 on 
and 
1—-¢ E 
< 2.79 
i (aaa) | 12 le 
fork > ke. 
On the other hand 
lag Lage. “Usa a". 


7 igs at a a eed le 


therefore we obtain for k = 0,1,...,k, that 


(eat) (a) | 
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—C-€)q" 1—q*  g 
so(teaa) § er) (tree) 
be 


_ —k+1 eee 
=(1-qt+4q Jo(s ; 


<(-atet ol a i: (2.80) 


where @(f;6) = sup{|f(x) — f(y)| : x,y € [0,c¢), |x —y| < 5} is the modulus of 
continuity of f € Cg[0,oc). Then, for every € > 0 there exists n’ such that 


(l-q+q **')o| f; i ae 
1-—q" 6 


for n > nk’. Hence, by (2.78)—-(2.80) and (2.54), we get 


k=0 
TPO +x@ 0d -g+a*yo (nS) 
s=0 _ 
+ Y # Pag) 0-0-3 
k=ke+ 
k 7 s\—1 1—¢ 1—q* 
: LT (ta4" tl gra) = r( oe } 
< =Vong (132) + =Ving (132) = _ (2.81) 


Now combining (2.74)-(2.77) and (2.81), we find that 


IL(f:3) — Bangl fix) < COR (fiy/qr-!/(1 4") +e 


for arbitrary € > 0 and n > max{n{,,n?,n2'}. Thus L(f;x) = Boog(f3x), which was 
to be proved. 


2.5 q-Bleimann-Butzer—Hahn Operators 


There are several studies related to the approximation properties of the Bleimann, 
Butzer, and Hahn operators (or, briefly, BBH). There are many approximating op- 
erators that their Korovkin-type approximation properties and rates of convergence 
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are investigated. The results involving Korovkin-type approximation properties can 
be found in [13] with details. In [68], A.D. Gadjiev and O. Cakar gave a Korovkin- 
type theorem using the test function ( 7 ta)” for v = 0, 1,2. Some generalization of 
the operators (2.82) were given in [6,7, 52]. 


2.5.1 Introduction 


n [39], Bleimann, Butzer, and Hahn introduced the following operators: 


1 n k n 
BH) = qa St (Es) Oe x>0,neEN. (2.82) 


Here we derive a q-integers-type modification of BBH operators that we call 
q-BBH operators and investigate their Korovkin-type approximation properties 
by using the test function (7u)" for v = 0,1,2. Also, we define a space of 
generalized Lipschitz-type maximal function and give a pointwise estimation. Then 
a Stancu-type formula of the remainder of g-BBH is given. We shall also give a 
generalization of these operators and study on the approximation properties of this 
generalization. We emphasize that while Bernstein and Meyer—K6nig and Zeller 
operators based on q-integers depend on a function defined on a bounded interval, 
these operators defined on unbounded intervals. Also, these operators are more 
flexible than classical BBH operators. That is, depending on the selection of g, the 
rate of convergence of the g-BBH operators is better than the classical one. 

We refer to readers for additional information on qg-Bleimann, Butzer, and Hahn 
operators to [10, 60, 120]. This section is based on [27]. 


2.5.2 Construction of the Operators 


Also, let us recall the following Euler identity (see [134, p. 293]) 


n—1 


Tlut+a) = yer “e H am (2.83) 
k=0 q 


It is clear that when q = 1, these g-binomial coefficients reduce to ordinary 
binomial coefficients. 

According to these explanations, similarly in [53], we defined a new Bleimann, 
Butzer, and Hahn-type operators based on q-integers as follows: 


la Kk-1) [n 
L,(f3x) = > (aoe (i oe (2.84) 


q 
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where 
n—1 


én(x) = T[(+4°x) 


s=0 
and f defined on semiaxis [0,). 


Note that taking f (es) instead of f (fs) in (2.84), then we obtain 


usual generalization of Bleimann, Butzer, and Hahn operators based on q-integers. 
But in this case it is impossible to obtain explicit expressions for the monomials 
tY and (t/(1+t))” for v = 1,2. If we define the Bleimann, Butzer, and Hahn- 
type operators as in (2.84), then we can obtain explicit formulas for the monomials 
(t/(1+1t))” for v =0, 1, 2. 

By a simple calculation, we have 


q'[n—k+ 1g = [n+ 1J¢— [Ale g[k— 1g = [Mg — 1. (2.85) 


From (2.83) to (2.85), we have 


Lika=1 (2.86) 
and 
t+. 1 & fg en fn] y 
LAT = Fa Pint the! ; itl. 
1 4 [ng “en fn-1] , 
= BOR i ty eal? 
[Ala 1% wen fn-1 k 
-peiaee |e | @ 
_ * ln|q 
~ ¢+1 [n+ Tq. een) 


We can also write 


Cale, = eal; 
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1 2 in|gln—1]q He | 2.\k 2.2 
= a qx) Gx 
&n(x) po [n+ 1G ‘ oie 


q 
AS ble 2 [n-1)] Got, 
+705 Zaina 1 | k | to 
[n]gin—1]q > xe [n]g x 


(2.88) 


PIE q (l+x)(l+qx)  [n+1f2x+1 


Remark 2.5. Note that, if we choose gq = | then L, operators turn out into the 
classical Bleimann, Butzer, and Hahn operators given by (2.82). Also using the 
similar methods as in [53,54, 133], to ensure the convergence properties of L,, we 
will assume g = gy as a sequence such that g, — 1 asn > for 0 < gq, < 1. 


2.5.3 Properties of the Operators 


In this section we will give the theorems on uniform convergence and rate of 
convergence of the operators (2.82). As in [68], for this purpose we give a space 
of function w of the type of modulus of continuity which satisfies the following 
condition: 


(a) @ is a nonnegative increasing function on (0, ). 
(b) @ (5, + &) < @(6;) + @ (42). 
(c) ima (6) =0. 

> 


And Hy is the subspace of real-valued function and satisfies the following condition: 
For any x, y € [0, ©) 


ro) Fo) <0 (| eee ). (2.89) 


l+x I1+y 


Also Hw C Cp (0, ce), where Cz [0, o2) is the space of functions f which is continuous 
and bounded on {0, e¢) endowed with norm || f||c, = sup|f (x)|- 
x>0 


It is easy to show that from the condition (b), the function @ satisfies the 
inequality 
@(nd)<nw(d) neéN, 


and from condition (a) for A > 0, we have 


@ (28) < @((1+ [|Al]) 8) 
< (1+A) (8) (2.90) 


where [|A|] is the greatest integer of 1. 
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Remark 2.6. The operator L, maps H into Cg[0,°°) and it is continuous with 
respect to sup-norm. 


The properties of linear positive operators acting from Hw to Cg [0, e) and the 
Korovkin-type theorems for them have been studied by Gadjiev and Cakar who have 
established the following theorem (see [68]). 


Theorem 2.17. [f A, is the sequence of positive linear operators from Hg to 
Cp [0, c¢) satisfy the following conditions for U = 0, 1, 2. 


(Ge) )e-() 


then, for any function f in Hg, one has 


>0 forn— 


CB 


|Anf —fllcg 79 forn—e. 


Theorem 2.18. Let q = gy satisfies 0 < qy < 1 and let gq, + 1asn— . If Ly is 
defined by (2.84), then for any f © Ho, 


lim ||Lnf — flley = 0: 


Proof. Using Theorem 2.17 we see that it is sufficient to verify the following three 


conditions: 
t “ x = 
Ly 3x 
1+t 14+x 


From (2.86), the first condition of (2.91) is fulfilled for v = 0. Now it is easy to see 
that from (2.87) 


lim 
n—oo 


=0, v=0,1,2. (2.91) 
CB 


a t is Bs < [Nan 4 
1+t 1+x|\c, [n+ 1], 
< 1 1 1 
dn Qn[n+ Van 


and since [n + 1]q,, + ©, Gn > 1 as n + ©, the condition (2.91) holds for v = 1. To 
verify this condition for v = 2, consider (2.88). We see that 


»((4) =) (4) a 


= x [nlgn n= Van 2 14x ) 
sup (Gay ( [n+1]Z,, In 1+4nx 


[n] in x 
+ peri, rs) : 
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A small calculation shows that 


[Alan [7 — 1a, = 1 1 2+4n | 1+4n 
[n+ 1]2 qh n+], [n+1]2,} 


qn 


Thus, we have 


; ce a a eth8 2, 1 
5x é 
= 1+t/] ? 1+x ~ @ 4n [n+ 1a, [n+ 12, 


This means that the condition (2.91) holds also for v = 2 and the proof is completed 
by Theorem 2.17. | 


CB 


Theorem 2.19. Let ¢ = qn satisfies 0 < qn <1 with qn > lasn— ©. If Ly is 
defined by (2.84), then for each x > 0 and for any f € Hy, the following inequality 
holds 


Ibn (3) — f(x)| < 2@ (V/Hn@)) 


where 
Hn (2) = (74)° (1 a + aaa Gite) + me Tex (2.92) 
Proof. Since L, (1; x) = 1, we can write 
[Ln (f3 x) — F)| S Ln (F(t) — f @)|5)- (2.93) 


On the other hand from (2.89) and (2.90) 


t x 
1+t 14x 


Ir) sO] sof ) 


ne a 
3 (+) 0), 


1 Few x 
1+t 1+x 


where we choose A = 67 |. This inequality and (2.93) imply 


is))), 
_ 


x 


in (Fix) -F)1 < (8) (1 hn (| 14x 


According to the Cauchy—Schwarz inequality we have 


I 
[En (fsx) — F(x)| $ @(8) | 1+ ohn (li ee 
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By choosing 5 = Hy (2) = En (| — 


. : x) , we obtain the desired result. | 


Now we will give an estimate concerning the rate of convergence as given in 
[8, 52, 109]. We define the space of general Lipschitz-type maximal functions on 
E C (0, ) by We"; as 


1 
Woe = {F ssp 1+)" fal y) SM. x 2 Omd yee, 


where f is bounded and continuous on (0, <°) , M is a positive constant,0<a <1, 
and fq is the following function: 


=F), 


Ix—2|* 


fa (x, t) = 


Also, let d(x, E) be the distance between x and E, that is 


d(x, E) =inf{|x—yl|;ye E}. 
Theorem 2.20. For all f © Wy , we have 
IEn( fsx) — fC) <M (ta? (x) +2(d (x, £))), (2.94) 


where [Lp (x) defined in (2.92). 


Proof. Let E denote the closure of the set E. Then there exists a x9 € E such that 
|x — xo| = d (x, E), where x € [0, cc). Thus we can write 


If -—F()| SIF — fF @o)| + 1F (eo) — fF )I- 


Since L, is a positive and linear operator and f € Wz , by using the above inequality 
we have 


[Ln( fsx) — f (x) S En (lf — f %0)| 5x) +f (x0) — f (*)| 


sx) +M 


|x — x9|* 
(1-+x)* (1 +29)?" 
(2.95) 


t x0 


< ML, (|—— — 
n( I+t 14x90 


If we use the classical inequality (a + b)* <a% +b for a> 0, b> 0, one can write 


a a 


t x 
1+t 1+x 


X XO 
l+x 1+xo 


t Xo 
1+t 1+x0 


= | 


| 


for 0 <a < 1 andt € [0, -). Consequently we obtain 
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In(| 75 — P85] 32) Sdn — Pel) + ee. 
Since L,(1; x) = 1, applying Hélder inequality with p = 2a ndq= a we have 
Lal |i — Te] 34) En (te - He) 38)? + etl. 
Thus in view of (2.95), we have (2.94). a 


As a particular case of Theorem 2.20, when E = [0, o), the following is true: 


Corollary 2.8. If f ¢ Wy oe) then we have 


Ln (f5x) — f ()| < Mun? (2), 


where [Ly (x) defined in (2.92). 


In the following theorem a Stancu-type formula for the remainder of g-BBH 
operators is obtained which reduces to the formula of the remainder of classical 
BBH operators (see [2, p. 151]). Similar formula is obtained for g-Szasz—Mirakyan 
operators in [29]. 

Here, [x0,x1.--,4n3f] = f[x0,«1---,Xn] denotes the divided difference of the 
function f given in Lemma 2.3. 


Theorem 2.21. If x € (0, ~) \ { metne| k= 
identity holds: 


<f}, then the following 


n-1 k(k+1) 

x x [K] Kk+lo wel g 2 2 |etll x 

= =. le wile] Sey | [a Ge 
q 


Proof. By using (2.84), we have 


1-1(8)~ a8 Bie) 
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Since 
[k]q ny n 
[p—k+ 1g lk}, Lk-1],” 
we have 
wy (2) ee fle tet Pe) i 
Ln(f3x) _ - ae & In — ea tl 

n [k]q , K(K-1) n 
op & [n— ee Falk 


Rearranging the above equality, we can write 


Ln(f3x) (2) = - = m7 go 
+s (Ete 


othe tLe 


[K+ lq [Kg n+ lq 


[n — k]qq**! [n—k+ l]qq* [n—k]q{n—k+ Uqqht!? 


Using the equality 


we have following formula for divided differences: 


: (a [K+ 1]g | [n+ 1q 
q [n—k+ 1]qq*’ [n—k]gq**)”” | [n—k]gin —K+ 1]gq*t! 


~ Ee ar | wea? | 


and therefore, we obtain that the remainder formula for g-BBH operators, which is 
expressible in the form (2.96). a 


We know that a function is convex on an interval if and only if all second-order 
divided differences of f are nonnegative. From this property and Theorem 2.21 we 
have the following result: 


Corollary 2.9. If f is convex and nonincreasing, then 


(=) 2h Ga0t 
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2.5.4 Some Generalization of L,, 


In this section, similarly as in [52], we shall define some generalization of the 
operators Ly. 
We consider a sequence of linear positive operators as follows: 


k - 
et) oe ( x*,(yeER) (2.97) 
Dak Kl 


1 


Tn oa ( 


where b, , satisfies the following condition: 


n 
[k]q + On, k = Cy and Il >1 forno-o. 


n 


DB (fsx) = 


It is easy to check that if by, = [n—k+1]q* +8 for any n, k and 0 <q < 1, then 
Cn = [n+ 1], +B and these operators turn out into D.D. Stancu-type generalization 
of Bleimann, Butzer, and Hahn operators based on q-integers (see [145]). If we 
choose y = 0 and q = 1, then the operators become the special case of the Balazs- 
type generalization of the operators (2.82) given in [52]. 


Theorem 2.22. Let g = qn satisfies 0 < qn < 1 and let qy > lasn—~. If f € 


W, (0,0)? then the following inequality holds for a large n 


En 3x) — F ®llcg 


< 3M max Mla vo : 
Cn vy on, 


nl, \° [lan than — Lan 
«( -) 1 tle ult leg. (2.98) 


Proof. Using (2.84) and (2.97) we have 


[n+ Is 


Cht+y 


Ln (f:x) — f(x) S 


+r 5, [F (gets) 1 (meena) 


+ |Ln (fsx) — F(x). 
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Since f €¢ WY (0,2) and by using Corollary 2.8, we can write 


22 (Fs) -f)| < as a Pa | * 
POSS . _ ln(x) f 0 [klq, +Y+ On, k Y+[lg, + 2n,x " s Qn 
mM | My Hl |g [| eu oy 
T ve . : 
n(x) f 0 Kg, +Y+2n,k [pat]... : k q : 
a o - 
+1 
Z ( [n| ) Y 41 [n ly 
Co t+y Inq, Ca t+Y 
1 2 [Ka . Kk) | $ 
x . Gn” x + Uy ee 
Tal) Ds Gi k qh 


Using the Holder inequality for p = i, q= 7 and (2.87), we obtain 


r\, In+1]o,|°( x [nla \* 
(i) uf Cht+y (ee) 


Thus the inequality (2.98) holds for x € [0, °). a 


e V 


en 
[bn (f3x) — f (a)| cm (Se) 


+H (x). 


Chapter 3 
q-Integral Operators 


3.1 q-Picard and q-Gauss—Weierstrass Singular 
Integral Operator 


For many years scientists have been investigating to develop various aspects of 
approximation results of above operators. The recent book written by Anastassiou 
and Gal [18] includes great number of results related to different properties of these 
type of operators and also includes other references on the subject. For example, 
in Chapter 16 of [18], Jackson-type generalization of these operators is one among 
other generalizations, which satisfy the global smoothness preservation property 
(GSPP). It has been shown in [19] that this type of generalization has a better rate 
of convergence and provides better estimates with some modulus of smoothness. 
Beside, in [22, 23], Picard and Gauss—Weierstrass singular integral operators 
modified by means of nonisotropic distance and their pointwise approximation 
properties in different normed spaces are analyzed. Furthermore, in [40, 110], Picard 
and Gauss Weierstrass singular integrals were considered in exponential weighted 
spaces for functions of one or two variables. 


3.1.1 Introduction 


Let f be a real-valued function in R. For A > 0 and x € R, the well-known Picard 
and Gauss—Weierstrass singular integral operators are defined as 


Py (f3x) := a | ftie Rar 
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and 
Wy (fsx) = Fag | flotne Fat, 


respectively. 

In this section, we introduce a new generalization of Picard singular integral 
operator and Gauss—Weierstrass singular integral operator which we call the q- 
Picard singular integral operator and the q-Gauss—Weierstrass singular integral 
operator, respectively. As a result, a connection has been constructed between q- 
analysis and approximation theory. 

To be able to construct the generalized operators, we need the following q- 
extension of Euler integral representation for the gamma function given in [14, 34] 
forO<q<l: 


x(x: 


l-qg nf ft! 
T = —— —————dt l 
Ty) = ad cero Pr > 0 G.1) 
0 


where T°, (x) is the g-gamma function defined by 


_ 
ral) = Goel a 0<q<l 


and c, (x) satisfies the following conditions: 


1, €g(x+1) = cy (2). 
2. €g(n) =1,n=0, 1, 2,.... 


3. lim cg (x) = 1. 
qo 1- 


When x = n+ | with n a nonnegative integer, we obtain 


Ty (n+1) =[n],!. (3.2) 


In [38], Berg evaluated the following integral: 


12k 1 ea 
— /2. 2 1/2. — Spl . 
law? n(q 4) 14 (4 :4) k=0,1,2 (3.3) 


where 


p= 
(a; De —_ (1—aq*)- 


for any real number a. 
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The integrals (3.1) and (3.3) are the starting point of our work. Note that these 
definitions are kinds of g-deformation of usual ones and are reduced to them in the 
limit g—> 1. 


Definition 3.1. Let f : R->R be a function. For A > 0 and 0 < q < 1, the 
q-generalizations of Picard and Gauss—Weierstrass singular integrals of f are 


+t 
Py (fig. x) =P, (fsx) = Le | iin dt 3A) 
and 
1 T f(xtt 
Wa (F545) = Wa (fsx) = 7 LOO a, BS) 
m[(A)q (a's 4) 12 “Ea (th) 
respectively. 


Note that this construction is sensitive to the rate of convergence to f. That is, 
the proposed estimate with rates in terms of L,-modulus of continuity tells us that, 
depending on our selection of q, the rates of convergence in Ly-norm of the q-Picard 
and the g-Gauss—Weierstrass singular integral operators are better than the classical 
ones. 


3.1.2. Rate of Convergence in L, (R) 


For f € Ly (R), the modulus of continuity of f is defined by 


Op (f; 5) = sup ||F(-+4)—F CID. 


|h|<d 


ss I/p 
where l/l, = (FL @)I"ax) 
Here are some auxiliary lemmas. 


Lemma 3.1. For every A > 0, 
(a) [PA fixjdx= 
(b) [Wa (fsx)dx=1. 


Proof. The proof is obvious from (3.1) and (3.3). | 
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By using Lemma 3.1, for every function f € Lp (IR) with 1 < p <, the operators 
defined by (3.4) and (3.5) are well defined as expressed in the following lemma. 


Lemma 3.2. Let f € Ly (R) for some 1 < p<». Then we have 


Pas lp SMFlp 


and 


[Wa (F5 Mlp SIF Il, - 


Now we give convergence rates for these new operators. A similar approach for 
classical Picard and Gauss—Weierstrass singular integral operators can be found in 
[147, Th. 1.18]. 


Theorem 3.1. if f € L,(R) for some 1 < p <%, then we have 


IAF) FOp S$ %(F),) (142) 


and 


IW. FIFO Sp (Fe BL) (14 Y=). 


Proof. From Lemma 3.1, we get 


Py (fsx) —f (x) = 2[A] 


Thus 


Pp 1/p 


; (_- race (x) 
a5 )-FOlle $ sap ange a Nesccag ra) POTD a dx 


(generalized Minkowski oS see [146, p. 271]) 


ae uA fe 2) 
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7 ™~ 
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where we use (3.1) and (3.2) and the well-known inequality 
Wp (f; C5) < (1 +C) Wp (fs 5) 


for C > 0. 
Similarly, 


[Wa F5-)— FO 


cr (Fs y/iA,) 7 (+t) 4 


© my /(ly (Q's 4) 9 La Al, ) Ea (dr) 
1/2 
oe (r: ai,) 12 1 , / - us / 
siren Loa 
< apf y/al,) (14 yea"), 
where we use (3.3). 2 


Since for a fixed value of g withO <q < 1, 


1 
lim [A], = ——, 
ya lq l-q 

the above theorem does not give a rate of convergence for P, (f;-) — f(-) in 


Ly—norm. However, if we choose gq such that 0 < q, < land q, > 1as A > &, 


we have [A], —> 0. as A — oe. Thus we express Theorem 3.1 as follows. 


Theorem 3.2. Let q, € (0, 1) such that q, > 1 as A > ©. If f € Ly (R) for some 
1< p<, then we have 


Pa (Faas) Fly SO (Fla, ) (1+4) 


and 
IW, (fia) Fp < &(F5 ya,) (4 aP(-a)), 


This theorem tells us that depending on the selection of qj, the rate of 
convergence of P, (f;-) to f(-) in the Lp-norm is [A], that is at least so faster 
than A which is the rate of convergence for the classical Picard singular integrals. 
Similar situation arises when approximating by W, (f; -) to f (-). 
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3.1.3 Convergence in Weighted Space 


Now we recall the following Korovkin-type theorem in weighted L, space given 
in [67]. 

Let @ be a positive continuous function on real axis R = (—»», ©), satisfying the 
condition 


[Pre (t)dt <0. (3.6) 
R 


We denote by Lp w (IR) the linear space of p-absolutely integrable functions on R 
with respect to the weight function @, i.e., for 1 < p<, 


1 


Lp,o(R) =§ f: ROR; =| [if@ro@a) <« 
. R 


fll. = |For 


Theorem 3.3. Let (Ln),cy be a uniformly bounded sequence of linear positive 
operators from Ly, (R) to Lp,» (R), satisfying the conditions 


lim ||Zn (t's x) Oe | =0, i=0,1,2. 


n—-eo 


Then for every f € Ly,w (R), 


lim [Ln f —fllp,0 = 


Pp 
By choosing (x) = (=) , p= 1, and working on Ly(R) space that 


we denote it by Ly (IR), we shall obtain direct approximation result by using 
Theorem 3.3. Note that this selection of @ (x) satisfies the condition (3.6). Also 
note that for 1 < p<, 


Lp,m(R) = {fF f:ROR: (1425) FG) ELp(R)} 


where mm is a positive integer. 


Lemma 3.3. If f € Lp m(R) for some 1 < p < © and positive integer m, then 


[A]9” [6m], 
. 6m—1 
I|Pa ne 2 |Pee <2 (3 pinion) Ele 


and 


9m2 


I.E Im S201 (14 alga (a 4), ) lm 


for0<q<l. 
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Proof. Using (1 +(x+ 1") < 20-1 (1 +x) (1 +19") for all positive integer m 
and x, t € R and (3.1)-(3.3), the proof is obvious. | 


Theorem 3.4. Let gq, € (0,1) such that q, > 1 as 1 — ©. Then for every f € 
Lp, (R), 


lim ||P, (f392,-°) — =0 
Tim [Pa (fs4a5°) fom 


Proof. Using Theorem 3.3, it is sufficient to verify that the conditions 


Jim ||P, (s4a5°)—~'l|,m= 9 §=0, 1,2. (3.7) 


are satisfied. Since P, (1;q,,-) = 1 and Py (t;q,, -) =~, the conditions of (3.7) are 
fulfilled for i=0Oandi=1. 
Direct calculation shows that 


[2], Al; 
P, (1 ee ee ai on 
qh 
and then we obtain 
[2], Al; 
Pa (75425-) Ln = a Won 


This means that the condition in (3.7) for i= 2 also holds and by Theorem 3.3 the 
proof is completed. | 


Theorem 3.5. Let qj € (0, 1) such that gq, — 1 as 1 — ©. For every f € Lp,m(R), 
lim ||W, (f:¢,,-)— £6 
lim | PEC Sr ta alle 


For f € Lp m(R) with some positive integer m, we define the weighted modulus 
of continuity @» m(f; 6) as 


fe) fr, ) 
f(x+h)— 
p,m (f3 6) Hes ié 1+n6) (1 +.x6m) 
ap [£64=F0 
|h|<6 (11) p,m 


Now, we show that this modulus of continuity satisfies some classical properties of 
Ly—modulus. For f € Ly.m, it is guaranteed that @p m(f; 6) is bounded as 6 tends 
to co and also, @p,m (f3 6) < 2 Il fll p.m for any integer m. 
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3.1.4 Approximation Error 


The next Lemmas 3.4 and 3.5 will allow us to obtain the approximation error of 
generalized operators by means of the weighted modulus of continuity @p im (f; 6) 


and weighted norm ||-||,, ,,- 


Lemma 3.4. Given f € Ly,m(R) andC > 0, 
Opn (F3 C5) $2" (1+C)"*! (14.5%) oop. (F5 8) 


ford >0. 


Proof. For positive integer n, we can write 


Fetah)—F() 
p,m (fd) = sup || ———————— 
(00) ; (f ) es (1+ (nh)*") 


p,m 


= pup [LCM = LC+ EDM 
ilo || (1+ (nh)*") 


p,m 


n 


< 2-1, mf: 8) >. (1 ie 1)6)") 


k=1 
2 2om-1), (1 r ((n— 1)8)*") im (f; 6) 
< 26m—1 ,6m+1 (1 + go p,m (f; 6) sf 


Using this estimation 


pm (fzC8) $2" (1+ [IC] (1+. 5%) pm (Fs 8) 


< poim—1 (1 1 Corr (1 + a) p,m ee 6), 


where ||C|| is the greatest integer less than C. 
Lemma 3.5. Jf f € Lp,m(R), then lim p,m (f; 6) =0. 
= 


(3.8) 


Proof. For a positive real number a, let y{(t) be a characteristic function of the 
interval [a, o), 7 (t) = 1—yf (t)and 7 (t) = 4,“ (t) NZS (t). Since f € Lp,m, for 


each € > 0 there exists a € R large enough such that 
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L 


1 
—a P a P 
fo) |? eons : 
ies. ocd 1+x6" eo <q 
—oo a 
That is, 
= E 
Fx" lle FRE lle 7° 


Similarly, for 6 > 0 


ee 


can be written. Hence for |h| < 6 


ero PO) +hrcraa ol <5. 

p,m p,m 

Thus, we have 
6 tye (CPO | ce Be 
ee Te (14h) ae 


for 6 > 0. By the well-known Weierstrass theorem, there exist sequences @, (x) € 
C™ (the space of function having continuous derivatives of any order in the interval 
[—a—26,a+26}]) such that 


fim ||(f)—on()) x8 (|) =o. 
nee p,m 
That is, given € > 0, there exists mg € N such that 
‘i é 
|FO- em) 0 < zens 3.10) 
whenever n > no and 6 > 0. Thus we have 
[roo oC +m FO) <2 'C0O-m Oa? Of 
E 
<= ll 
=F (3.11) 


forn > no. 
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Applying the Minkowski inequality yields 


< [60+ -on-+m x 0) 


p,m 


| (FC +A)— FO) 4290) 
(1+4%") 


+ |(o.6-+8) ex 0 


p,m 


+m O-£0O) x" ()] 


p,m 


From (3.10) and (3.11) it follows that 


7 +h ae . até (, € 
sup | POFFO AE OY cE sup one+A)— oO) 
lal<6 (i-+Ae) - \al<é p,m 
(3.12) 
for 6 > 0. By the properties of @, (x), for |h| < 6 and n > no, we can write 
In (x +h) — On(x)| < 
, ee GI eg 
where x € [—a— 26, a+ 26]. Thus, we obtain 
E 
sup [(@n(-+4)— an ()) x8 ()|] <=. G.13) 
|h|<6 p,m 
By (3.12) and (3.13) we get 
h)— fl. até (, 
sop [LCHO-FOFO| Le — 
|nl<é (1+A°") 2 
p,m 
for 6 > 0. From (3.9) and (3.14), we get 
@p.m(f3 6) <€ 
which shows that lims_,9 @p,m(f; 6) =0. a 


Theorem 3.6. Let gj € (0, 1) such that q, — 1 as A — 0. For every f € Lp,m(R), 


Pa Fs912)—F Mm SA@r.m (Fi Ala, ) 


and 


Wa F425) —F Olam $ BOpm (F5y/Blg, ) 
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where 


amt (4 mile (6msnye —_, (U2m+ DHA 6 
anes (14 aor pon + meyer (1+ (alg) Pele. 
a Aa a 


and 


; _ on? ; _ (6m+1)? 1/2 
B= 2-1 (1+ [a]5) (ais F (ay? 4), ar (a +1) ana 


— (ame)? 1/2 
+ (Al = fei : (a, 2) am) 


Proof. Part (a) of Lemma 3.1 implies that 


Py (Fda, 3) = 


_ C=a) 7 &+)-76@) 
f= sa inas! ; 


Then we have 


Jay 


Pa fsdas)-F OVI p, mS ag — Maas / ie a(' ve em dx 


aoe 1) f(x+t)— 
2A], Ing," eee 


—oco 


1/p 
el gs 
E, (4p) 


(14+0o" 
< al, Ta =), fn p,m (f31) per le 


(1 
0 Ey (‘ i) 


we have 


By using (3.8) and taking C = Fae 
1 


< =a) 
lg, Igy! 


6m+1 
(1 + al ) (1 +16) 


4 


| E; (Sa) 


2 


Pa Fsda2)—F lp, m (1411S) opm (Fs leg) 


dt 
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6 pomtl pl2m+1 
be 1+t mf ayer ar (Aer 
or q 


/ 4 dt. 
ane; (Sa) 


Pr, 


From (3.1) and (3.2) it follows that 


Pa Fi9ns )—F lp, m SA@ pm (F5 lag) 


where A is defined as in (3.15). 
For W, (f; -), the proof is similar. a 


3.1.5 Global Smoothness Preservation Property 


Further information on GSPP for different linear positive operators and also singular 
integral operators can be found in [18]. 


Theorem 3.7. Let gq € (0,1) such that q, + las A — ©. For every f € Ly, m(R) 
and 6 > 0, 


Op,m (Py (f) > 6) < CO@p,.m (f; 6) 


and 


p.m (Wy (f) 3) < D@p.m(f; 6) 


where 


(6m)! [A]>” — Sn 1/2 3m 
f= (4 paren and D=q, * (4; ;an),, (alam (3.16) 


Proof. Part (a) of Lemma 3.1 implies that 


co 


(l=qa) pee re) 
2[Ala, Ing;' en a (pe) 


Py (f39.,4+h) —Py (f3915%) = dt. 
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By this equality, we get 


eo 1/p 
i Pdi) =P figs) - 
(1 + x6) (1 + 19") 
P 1/p 
ge) 2) [| (Ueto 
[ i nq, 2 ~E, (Sp) (1 + x6) (1 + pS) 
: 1/p 
< (ia): . i(s|4 f(xtt+h)—f(x«+t)) ae 1 rs 
2[A] Pure Jo (1 +x") (1 + A9™) 


Using the inequality for x,t € R 


14 x6" < 26-1 (1 (ys 1") (1 +1"), 


we have 
20 1/p 
| Pa (fans +h)~Pa(fsqa+%) |" 1, 
(1 + x6) (1 + hon) 
6m—1 1— i 1426" 
[Al,,ngt Ip, ( Waal 
\ Ala, 
Besides, from (3.1) and (3.2) it follows that 
Wp, m (Py (Ff); h) <COp, m(f; h), 
where C is defined as in (3.16). 
For W, (f; -), the proof is similar. a 


3.2 Generalized Picard Operators 


In this section, we continue the study of the generalized Picard operator P, g [16] 
depending on nonisotropic B-distance, in the direction of weighted approximation 
process. For this purpose, we first define weighted n-dimensional L, space by 
involving weight depending on nonisotropic distance. Then we introduce a new 
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weighted 8 -Lebesgue point depending on nonisotropic distance and study pointwise 
approximation of P, g to the unit operator at these points. Also, we compare 
the order of convergence at the weighted B-Lebesgue point with the order of 
convergence of the operators to the unit operator. Finally, we show that this type 
of convergence also occurs with respect to nonisotropic weighted norm. 


3.2.1 Introduction 


In some recent papers, various results for the g-modification of approximation 
operators have been increasingly studied. For the brief knowledge, it may be useful 
to refer to the work of Anastassiou and Aral [16] and references therein. As it is 
known, one of the central research directions of approximation theory is singular 
integral operators. Among others, we are interested in Picard singular operator in 
multivariate setting defined as 


1 °° - +11,...,X%n tty 
ADO =a ff it daty...dt G17) 
i=1 


e4i 


for A =(A1,...,An) > 0, which means that each component A; (i=1,...,) is 
positive and x = (x|,...,%n) € R". Fora general framework related to this operator, 
[15, 18, 19, 72,73] may be referred. In [22, 23], multivariate Picard and Gauss— 
Weierstrass operators with kernels including nonisotropic distance were introduced, 
and pointwise convergence results were given. Yet, g-generalization of Picard 
and Gauss—Weierstrass singular integral operators has been stated, and some 
approximation properties in weighted space have been discussed; also complex 
variants of them have been studied [24, 26, 28]. Recently, another interesting 
improvement related to the multivariate g-Picard singular operators depending on 
nonisotropic norm, P, g, has been subsequently stated in [16]. Here, the authors 
have investigated pointwise convergence of the family of Py g(f) to f at the 
so called B-Lebesgue points depending on nonisotropic B-distance. Moreover, 
they have introduced a suitable modulus of continuity, depending on nonisotropic 
distance with supremum norm to measure the rate of convergence. Also they have 
proved the global smoothness preservation property of these operators. 

In this work, for a weight depending on nonisotropic distance, we give analogue 
definitions of n-dimensional nonisotropic weighted-L, space and nonisotropic 
weighted $-Lebesgue point at which we obtain a pointwise convergence result for 
the family of P, g (f) to f for f belonging to this weighted space. We also give the 
measure of the rate of this pointwise convergence. Convergence in the norm of this 
space is also discussed. 


3.2 Generalized Picard Operators 87 


Suppose that R” is the n-dimensional Euclidean space of vectors x = (x1,...,%n) 
with real components, and let n € N and B = (fi, B2,---,Bn) € R” with each 
componentas positive, i.e., 8; > 0 (i= 1,...,n). Using standard notation, we denote 
|B| = Bi + Bo+---+ By. Recall that the nonisotropic B-distance between x and 0 is 
defined as 

\B| 


ii: i n 
lg = (Lo +--+ bl) xR" 


Note that, for ¢ > 0, ||x||g is homogeneous, namely, 


(|i 


and has the following properties: 


\B| 


it 
Br n BI 
)" =r isl 


aL 
By +o pox, 


ep - Oe eo 
2. |lePx||p =e lis. 
3. [Ix-+yllp < Mp (IIxllp + llvllp)- 


where Bmin = min {B1, Bo,...B,} and Mg = (1 ‘ta. i (see [101]). 

We should note here that when f; = 5 (i= 1,2,...,n), the nonisotropic B- 
distance ||x||, becomes the ordinary Euclidean distance |x| and also that ||.||;, does 
not satisfy the triangle inequality. 

Now, we reproduce here the following result and subsequent definition from [16] 
(see Lemma | and Definition 1 of [16]): 


Lemma 3.6. For all A > 0,1 € N and B; € (0,0°) (i= 1,2,...,n) with 
|B| = B} + Bo +---+ By, we have 


vr D [P,(B.t 


AG R" 


where 


l—g)|lt 
Py (B,t) =1/Eg ee I) ; (3.18) 


q 
and 


ina 
e(n, Bq) = Te Opn ean) nd (3.19) 


n(n—1) ? 


(l-4q)q°? 
with Tq (n) is given as in (3.1) and @g y_, will be given by (3.23) below. 
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Definition 3.2. Let f : R” > R be a function. For 0 < g < 1,A >0,n€ N and 
B; € (0,c¢) (i= 1,2,...,2) with |B] = Bi + Bot+---+B,. The generalized g-Picard 
singular integral depending on nonisotropic B-distance, attached to f, is defined as 


Pap(fia,x) = ” - (f; x) 


7 D fp t)P, (B,t)dt (3.20) 


Ra 


where P, (f,t) and c(n, B,q) are defined as in (3.18) and (3.19), respectively. 


The case B; = 5 (i= 1,2,...,n) clearly gives the operators P, i (f39, x) in- 
troduced in [24]. Letting g — 1 implies that P, i (f;1, x) will be the classical 


multivariate Picard singular integrals (3.17). 
Now, we present the following definition. 


Definition 3.3. Let p, 1 < p<, be fixed. By L, , (IR”) we denote the weighted 
space with nonisotropic distance of real-valued functions f defined on R” for which 


Tl is p-absolutely Lebesgue integrable on R” such that the norm 


f(x) 

Wine=| {| a- 
1 

J | +1Ilp 

is finite. 
For the case p = ©, we also have 
_f&)_ 
Ilflleg = Sup = (ii jaxigty) ER ps 

i 1+ Ig | 


Lemma 3.7. Let A > 0,n €N, and B; € (0,e°) (i= 1,2,...n) with 
|B| = Bi + Bo +--+ + Bn. Pap (f) is a linear positive operator from the space 
Ly p (R") to Ly p (R"). That is, 


Pap Dlg SK 6.9) IMfllpp. 


where 


1B Ing7! _ n+) 
K (n,Bya) = max (1Mg} (14 sTeln, B, a) Al Opp Ty (abt) Pg"), 


in which Mg is the number appeared in the property 3 of nonisotropic distance. 
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Proof. Using the generalized Minkowski inequality we have 
Pip (fs x) 


p \P 
IPs Fll,6 = [eee a 
IR” 
__ c(n, B, q) 1 : 
= [ay!? (stag +t) P, (B,t) dt 


Re 


c(n, B, q) 
< ah ee, 
“ef 


From the property 3 of |].| 


1 
Pp D 
dx 


1 
P\ P 
) rom (3.21) 


f (x+t) 


——~dx 
1+ |Ix|Ip 


p> we have 


1+|lx-+tllp — 1-+Mp (Ilxllp +lltlp) 
I+Iklp i+ IRM 


(1+ isis) (1+ lltlls) 
< max {1,Mg} a lp : (3.22) 


Taking into account (3.22) and Lemma 3.6, the inequality (3.21) reduces to 


Pap (F9Il,.p 
eae c(n, B, q) 
eins ll 


<llyymos(hp (1+ S22 fn, oy). 
q 


R” 


fex+t) |’)? 


/ 


Rn 


By substitution t = [aie x, it follows that 


wl IIxllp 
Pap (f:x)||, ¢ <Ilfll,.gmax {1,Mg} | 1+e(n, B, q)[A]j’ | ——*—<ax ] . 
(Png <Urlapme th ( Scere 


R49 
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Now, we shall use generalized B-spherical coordinates [101] by taking the following 
transformation into account: 


x1 = (ucos 0 7B 


x2 = (usin 8; cos @,)7P2 


Xn—1 = (usin 0 sin 02 --- sin 8,2 cos @,,-1)7Pa-t 
cefigsh : . 2Bn 
Xn = (usin 8; sin O2---sinO@,—-1)"", 


where 0 < 01,02,--- ,OQ,-2 < 2,0 < @_1 < 2m”, u > 0. The Jacobian of this 
transformation is denoted by Jg (u, 01,-.-, 8,1) and obtained as 


Jp (u, 01,. any On—1) = wPI-1O, (0), 


itl 


n—1 x 2B 
where Qe (0) = 2B... By TI (cos aye (sin 0;)*=/ . Clearly the integral 
j=l 


0p 51 = [2% (0)d0 (3.23) 


gn-l 


is finite. Here S”~! is the unit sphere in R”. Thus we have 


Pas (F%)|I,6 


y2ibl+ BL -1 7 
< Iifll,amax{1,Mp} [1+c(n,B, a) alg" f a 
0 gr-l E, ((1- q)u | 


= Willngmax(tMp) (1+ stg BAe en o—ayay 
0 


go atl 
< Mflppmax{ I Mp} (1+ sTecln,B, a) [AIP Op nly (n+ 1) —g-“), 


The lemma is proved. a 
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3.2.2 Pointwise Convergence 


This section provides a result related to pointwise convergence. Below, we first give 
the definition of the points at which pointwise convergence will be observed. 


Definition 3.4. Let f ¢ Lg (IR"), 1 < p < ©, and B; € (0,0) (i= 1,...,n) with 


|B| = Bi + Bo+...+B,. We say that x ER” is weighted B-Lebesgue point of f 
provided 


1 
1 ie 2 cn 
Next, we give a pointwise approximation of the generalized Picard operators 
P, g (f) to the function f € L, g, at any weighted B-Lebesgue point of f. 


Theorem 3.8. Let f € Lg (R"), 1 < p < ©, with By € (0,%) (i= 1,...,n), and 
|B| = B, + Bo+...+ By. Then we have 

lim P. 3q,x) = 

Tim Pap (fs4,x) = f(x) 


at any weighted B-Lebesgue point x of f. 


Proof. Let x be a weighted B-Lebesgue point of f. Then for any € > 0, there exists 
an 71 > 0 such that h < 71 implies that 

PY 

a <E, 


oa fy |foto= Fe 
WIBl Sie 3 <n 
dt <ePn7B I 


1+ [tll 


which clearly means that 


a3 ch 


Transforming the last integral into the generalized B-spherical coordinates, for h < 
1), we get 


Jou 
It? <h 


f(x+t)— f(x)" 
1+ Ith 


Pp 


(x+( (uw) 
(s : P)-F Tg (@)2?l\a0du 


f(x+t)- 
i 


aa ['[ 


h 
= [ u\Bl-! 9 (u) du < eP PB, 
0 


jy 
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where 
Dp 
f (x+(uo)?) — F(x) 
su) = | : Qg (0) dd. (3.24) 
gn 1 ltun 
Meanwhile, from Lemma 3.6, for all 7 > 0 we have 
Pp (ax) —F(x)| <5 fn LF K +H) — F(x) (B,t)at 


4 (n.B.9) I ah, M+) FIP (Beat 


itl"?! >m 
— c(n, Bq) A f(x+t)—f(x) P. t 1+ t dt 
“ait Si yzh -, | Tete, |B, )(1+ tll, ) 


+cat J t|| 2B n ieee 
q B = 


Applying Holder’s inequality to the first integral, then we have 


Pip (f:4,x) —f (x)| < {4s a 
B 


c(n.B.q) - 
x n 1+ ||t P. jt dt 
ale Jia ain a | I) 1 (Bt) ! 


q 
+AOFD pw LER +E) —F(®)P, (B,t)at 
(Alg IItg° =n 
L 
281) J o(nB.4) flett)— ste |” : 
< (t+) OPS ate [rn | Pa (Bt) 
le“ |Ielg <n B 
c(n,B.q) ' = 
ap ‘i, iP on lf (x+t) — f (x)|P, (B,t)dt 
=i (Ath (A). 
Now passing to the generalized B-spherical coordinates, J; (A) gives rise to 
P i 
(x+ 0)” ) — F(x) 
A()= (140 VL Li ., = 2y(0e¥- doh 
a I4+un . 
(3.25) 
where 
c n, ’ 
P? (B,u) = Hd)... (3.26) 
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Therefore taking into account (3.24) , (3.25) can be expressed as 


L 
2 


Aay=(14n®){ fe neelry panauh”, 


Integrating by parts two times gives that there exists a constant A;, such that J; (A) < 
(1 +n ) eA, (see [16]). 
For J (A), from (3.22) we get 


Jah) = STD [sag IHL OOIPa Badia 


[a 
, oa fgghs, THREp (1+|x+tlp)P, (B.t)at 
, ai 01 fay, Pa Boda 
< le max {1,Mg} (1+ lhl) Jah, aera (1+ lltls) Pa (B.t)at 
car Toy 14g 2 (B,t) dt. 


Further applying Hélder’s inequality J> (A) gives that 


y(a) < (7B id) nox f1,Mp} (1+ IIs) 


Ta 
al { [,an|(1+ Itlp) Ps io a} 


: | L 
If (x)| lan Pa (B.t)]], 


Pp 
f(x+t) 
1+|[x+tll 


c(n,B,q) 
[aly 


= oe mex Mp] (1 + Ixllp) IIFl,,. 
q 


«| fan] (1+ Itlp) Pa (80) 


c(n,B,q) 
[all 


+ 


1 


(1+ itp) P. (6,0 ae} 


gd 
Pp 


+ Lf (x)| [lan Pa (B,6)|],, 


where 77 is the characteristic function of the set of t such that ||t||77 > 7. 
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Taking into account the fact that (1 + Itllp ) P, (B,t) € Lg, then the above 


inequality takes the following form: 


c(n,B,q) 


h(a) < max {1,Mg} (1+ Islip) lIFlo,s 
q 


q 


x1 sup (1-18) Pa 6.0] an|(1+Utlp) Pa (B.0)] a 


ye >n 
c(n,B,q) 
=max(i.My} (14 Llp) lpg | 2D sp [(1+Help) Pa @.0| 
ee B) NPB) ~ ail a pas 
7 tls =n 
c(n.B.4)  eln.B.a) 
f ae ler (1+ inp) Be) BEF eolllze Boh. 


(3.27) 


The first factor including supremum norm on the right-hand side of (3.27) tends 
to zero as A — 0; Indeed, 


c(n,p, 
SEES sup |(1-+ itp) Pa (B.0] 
Ale gb sy 
_clnB.q) .__(1+llthp) 
al md Wil 
al ofan By (opt) 
[A]q” 
Bl (n 1 
Ba: 4 Ald"? (1-44 (1-a)lltlls) 


aye l-q SP . BI ; 
PT tay Tao (Ale +(-a) ality 


(3.28) 


which clearly tends to zero as A — 0. 
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For the second factor in (3.27) we have 


D Ilan (1+iItly) Pa B.0|, <=? f  (1+iltlp) Pa Binet 


a o [all } 
IId|g™ 2s 
1 
=c(n, B, 4) —_———t 
a Eq{ (U— 
Po a ((1—a)lltlls) 
ny ltlp 
+e(n, B, 4) [Ald —_—*$_at. 
' dl Palle) 
7 2 ily 


(3.29) 


Since the function; ( y is integrable on [0,ce), the first and last terms of 
q 


1 
(1—q)|It\l 8 
(3.29) tend to zero as A — 0. Finally, from the final proof of Theorem 2 in [16], the 
last term of (3.27) also approaches zero as A — 0. 

Hence we obtain the assertion of the theorem. a 


3.2.3 Order of Pointwise Convergence 


Now, we shall discuss the order of pointwise convergence that we have already 
presented above. For this purpose we give the following generalization of the 
concept of weighted B-Lebesgue point. 

Definition 3.5. Let f € L, g (R"), 1 < p<, and B;,y € (0,¢) (i= 1,...,) with 
|B| = Bi + Bot+...+ By. We say that x €R” is weighted y, B-Lebesgue point of f 


provided 
1 pyr 
mM <-— 7 n dt = 0. 
bn | as ye! <a ! 


Theorem 3.9. Let f € Ly p (IR"), 1 < p<, with B; € (0,0) (i=0,1,...,2), and 
|B| = Bi + Bo+...+ By. Then we have 


f(x+t)— f(x) 
1+ |ltlg 


Pap (f:4.x)—F (x)| =O (1 WV) a+) 


at every weighted Y, B -Lebesgue point x of f for Y < min { 221 2B rh. 


Proof. Let x be a weighted y, B-Lebesgue point of f; then for any € > 0, there exists 
an 7) > 0 such that h < 1 implies that 
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hast 


p 


f(x+t)— f(x) 


Pp 
dt <ePh2IBl+y, (3.30) 
1+ |[t\l, 


Transforming into the generalized B-spherical coordinates, if h < 1, we get 


fact 
ltl gl <p 
Dp 


f (xt (u0)?) — f 
=[f. tte ") . Op (0) w28I-"d0 du < ePh2BHY, 


l+un 


Pp 


Fox+)-F00]" 


1+ IItll 


For our future correspondence we can simplify the above expression by setting 
ul 
Gg (n) = uBI-l 9 (4) du < e? 97 BI+7, (3.31) 
0 


where g (u) is given by (3.24). 

Now, as in Theorem 3.8, we need to estimate J; (A) and Jz (A) similarly. For 
this aim, integrating by parts twice and taking account of (3.31), then Jj (A) can be 
estimated as 


f(a) < (1+n™) { [scout r an\? 
=(14n¥#){["e@nacya}! 
= (14) {2B Gp wl) + [" Gp oa (PE (B.0) 
< (140) for [eh 'r8 Bw au)" 
<e(1+n™ ) 21Bl+27 (4. (B.9}", (3.32) 


where A, (8,7) := Fie alg ee i (B,u) du, with gy (B,u) given by (3.26). Note 
that A, (B,y) > 0 as A — O. Indeed, 


A, (B.) = full Pe (Bu) du 
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=o(lk) a0), 


For Jz (A), from (3.27) we have 


1 
D 


Jn (A) = max {1,Mg } (1+ Ills) IF Ilp.B {se sup (i+ Its) Pa val 


7 itp? =n 


c(n.B.4)  e(nB.a) 
| ae ler (1+iel) 28. ee eallbenta B8lh 


where 


c(n,B,q) 


[alll 


sup |(1+Itlp)?.(6,0|=0(AH) Ao. 638 
en 


Indeed, from (3.28) we can reach to the following Inequality: 


c(n,B,4) 
—y7—, sup |{1+|ltllg) Pa (B,t) 
[aj2 (aj! 12 oy ( ») | 


which gives that (3.33) holds for y < IB For the last term of J> (A) we get that 


c(n,B.q) 
[alg 


(| ana (8.0), =o (AF) (A+0).  G.34) 


Actually, by taking into account the fact that ||t]| ie > 1 and making the substitution 
t =[abx, it follows that 
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; ; b 3 P| d 
COPD Fx) Nan (BH = GO Ire fay ——* 
(aa (Ale Mai Se tg | ails 

aly” 
< OBB ray fa __ltigMae 
nial (alg! Hla = Ga 
Aq” 
B.D egy f ae ph at 
n lip > Sy Ey (1-4) tls) 


tends to zero as A + 0, which indicates that (3.34) is satisfied. Finally for the other 
factor of Jz (A), we get 


Jin xn (1+ tl) P (B.0]], =0 


as in (3.29) and this completes the proof. | 


3.2.4 Norm Convergence 


In this section, we give a convergence result in the norm of L, g (IR”). 


Theorem 3.10. Let f € Lpg (R"), 1 < p<, with B; € (0,0) (i =0,1,--- ,n) and 
|B| = B, + Bo+---+ By. If the following condition 


: 1 
lim of I+) -FO)llppat=0, (3.35) 
leg! <r 
is satisfied, then we have 
li >x)— =0. 
lim [Pag (fx) — F()II,5 =0 


Proof. From (3.35), we have for any € > 0, there exists a 6 > 0 such that h < 6 
implies that 


[We +9- Fell ,pdt<enPl, 
leg <r 
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Transforming the integral in the above inequality into generalized B-spherical 
coordinates, then we get forh <6 


[We +)-s@)Ilppat 


lt pl <p 


=f fale 


hence, for simplicity, using the similar setting as in the proof of Theorem 2 of [16], 


we denote 
KGe) = | 
gn-l 


and considering k (u), we get that 


xi (u8)*) — £08) Op (0)u2 P14 du < en? 


f (x+ (wo) -Ff) Qn (8) dd (3.36) 


‘| IF +0) —F lly a= | wlll k (w) du < eh?l8l, 


n 
2 
ltl gt <n 


Using generalized Minkowski inequality we conclude that 


oe 
Pap x) -FO0I,6 = / a 
R" 
c(n, B, q) 1 ~ . 
Alp (/| tag {iver -ror. 8.98 


< feo lg 


Prip (f:x) — f (x) 
1+|Ix\|p 


1 


P P 
a 


Lf x+t)— f(x)” 


a P, (B,t)dt 


BS AL) T+ IRs 
= we [iirc (x)I|p,p Pa (B.t) dt 
q R 
c(n, B, q) 
- a [ Wre+0-FeallyaP(B.0a 
Itlge! <6 
e(n, B, q) 
a / If (x+t)— f(%)||,,p Pa (Bot) 
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Therefore using generalized B-spherical coordinates, L; (A) can be estimated as 


hQy= Se [WF +0-Fell,pPa (Bat 
: ltl gl <3 


h 
< [ke (u'PS (B,u)du, 
0 


where k(u) is given by (3.36). Using two times integration by parts, we easily 
obtained that there exists a constant C), such that L; (A) < eCy. 
Since 


Mle 


Pp 


f(x+t)- F001" 4, 


Rn 


1 
p P 


IA 


i f(x+t) 


1+ |Ix\lg 


R" 


“ly 


Re" 


< max {1,Mp} (1 +litllg) Ilfllpe +Ilfllpg- 


F(x) 
1+ |IxIIp 


then, from (3.29) Ly (A) tends to zero as A — 0. The theorem is proved. a 


3.3. q-Meyer—K6nig—Zeller-Durrmeyer Operators 


Trif [150] studied some approximation properties of the operators Mg f(x). Very 
recently Heping [97] established some approximation properties based on q- 
hypergeometric series of these operators. Also Dogru and Gupta [55] proposed some 
other bivariate g-Meyer—Konig and Zeller operators having different test function 
and established some approximation properties. This section is based on [84]. 
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3.3.1 Introduction 


Trif [150] introduced the g-Meyer—K®6nig and Zeller operators as 


Hngf) = mast (are) 


Mngf (1) = f(1), 


where 


eg =a wales 


j=0 


Govil and Gupta [84] introduced a new sequence of the Durrmeyer type integrating 
q-Meyer—K6nig—Zeller operators as follows: 


Definition 3.6. For f € C[0, 1], we define the g-Meyer—Kénig—Zeller-Durrmeyer 
operators (¢-MKZD operators) as 


1 
Mng(f) = Mng(f:%) = nS aaa) gt [Print ap flat +m 0g(2)F00) 


_ -> Wilf Ff) ttn gq (* x): (3.37) 


Alternately we can rewrite the operators (3.37) as 
Mig (fix) = Locals if B, ab {1 (gts q)n—1F (t)dgt+inog (x) f(0),0 <x <1, 


where mp x.q(x) = tek (x; qin. 


We may note here that the Meyer-K6nig—Zeller basis function m, x,g(x) consid- 
ered in (3.37) and Mngf (x) are the two alternative forms having the same value. 


3.3.2 Estimation of Moments 


Theorem 3.11. For all x € [0,1], we have the following identities: 


Mig (1;x) = 1,Mag(t;x) =x 
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and for all integers n > 3, we have 


where 


(1 —x)(1—x)(1—q"x). 


Proof. Clearly by definition, we have M,,,(1;x) = 1. Also by easy computation, 
we have 


[n+k—lq! [k+5—1]q! 
[k—]q! [ntk+s—I]Q! 


1 1 
k+s—1 . 
——+t t3q)n—1dgt = 
i) B,(n,k) (q Dn 1¢q 


Thus 


2 Tae ewe aids 
Mag(tss) = salnas S| 2 | Apotgiera 


Next for the estimation of Pee we fix an integer n > 3 as well as x € [0,1) 
(the result is trivial for x = 1). We proceed as follows: 


My g(t?5x) = (234) n41 y | 


a] ,[nt+k—1q! [k+ 1g! 
k=1 


k | > [k=o! [fn +k+ 1]! 


n+k—1] y [k+1]q 
= (siadnes "5 ay | * ney 


= n + k k [k + 2Iq 
=X(X3Q)n41 | x, 
i Dy k |, [nt+k+2q 
On the other hand, as above we have 


— |n+k—1 
=O at), | oA a 
q 


3.3 q-Meyer—K6nig—Zeller—Dui 


and on using this, we get 


2 


My,qg(t?3x) —x 


> 


ea | 
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n+k—1 


k x ([n+kqlk+2]q— [k]qin +k +2]q) 
q 


Fare, 


K\q)—[klg(1+q+@?n+k\q)) + (a) a 
n+k—-1 


: | AC ratte, ld) 
q 


1 


Thus 


/ 


= x(x; eae 
( Dnt RET 


x(1+4)(549)n41 


n+k—1 


: | x ((1+q)a*). 


q 


[n+k—1]q [n+k—2 


My g(t?3x) =x? + 


Since 


7 
=0 


| 


| 


n— Tg tk+2,, & |, 


+k-1 


[n 


we get 


Mig (t?;x) =x 


x(1+4)[3]qq" 


+ 2]q° 


x1 +49) (54)n41 oe (qx)* 
k 


[n—1]q > 


(x3q)n41 = 1 


+ 


n+k—2 2: 


[n—1]q 


q 
Dail k | at. 
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By the Corollary 1.1(c), we have 


y eae Coe 1 _ (=x) —4'x) 
q 


k—=0 k GX39)n—-1 (34)n+H1 


Hence 


x(1+4)[3]qq"(@)n+t < 1 n+k—2 
aa 7 1g : piece k | at 


x(1+4)[3]qq" "(as@)nu1 < 1 n+k—2) (9k 
se TL | (9) 


_ 1+ 9) Blagg" ant S [at+k-3] (on 
[In — 1]gln — lq >| k | wo 


- x(1+4)[3]gq" 1 (x5q)n41 1 
[n—I]qln—2]q (4°39) n-2 


_ *[2)q[3]qq" 
[n—1]qln—2]q 


This completes the proof of Theorem 3.11. a 
Definition 3.7. For q € (0,1), we define M..,4(f,1) = f(1) and for x € [0,1) and 


(1 —x)(1 — qx)(1 — q"x). 


x 


Meoo,k,q(X) = Ga Deo 


= ¥ Wak (Ann kg()- (3.38) 
Lemma 3.8. For q € (0,1), we have 
Moog(13x) = 1, Mag(t,x) =x. 
For x € (0,1) and s > 2, we have the following recurrence relation: 


M.ug(t"5x) = Moog (Pt) = ze (1— a)MagG "sqa). 
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Proof. By simple computation, we have 
y Meokg(x) = 1, »y (1— gh). kg (X) =x. 
k=0 


Thus by Definition 3.7, we have 
M..,q(1;x) = 1, M..,g(t;x) =x. 


Also it can be easily observed that 


1 gk i oe 
tMeok.q(qt)dgt = [ tS (qt; q)oodgt 
[ Kg q (asq)x 0 q 


q qt Cle sl! 
(4:9)k [Alg! 
Using the formula (see [100, pp. 76—79]) ik t* (qt; q)oodgt = [gt — gq)! and 
G'Mos,k,q(X) = (1 —x)moo,k,q(qx), we get 


k+s]gi—gt = (1 


1-4 (1—@)*t8q*"[k-— 14 s]q! 
l=ge (939) k-1 


k=1 
=F (19g) (1g) erga) 9? Fg) «= (1g) gts eal) 
k=1 k=1 
= Mosg(t sx) —g"(1—2) Fgh) (Lg )rtenteg (92) 


a Mogi weg (1S X)Moo,g (og, 
This completes the proof of recurrence relation. a 


Remark 3.1. Using the recurrence relation of the above lemma, we obtain 
Moog (t?3x) =x—4q’x(1—x), 


Mot x) =x gx(1 x) gx(1 ag ella) 9x), 


and 


Mauq(t*,x) = x—-@" B]gx(1—x)-+9° [3] qx(1 x)(1—qx) gx(1 x)(1—qx)(1 qx). 
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Remark 3.2. For the limiting operators, if Togm(x) = Moog((t — x)"sx), then by 
Lemma 3.8, it can be easily seen that 


Teog,0(X) = 1, Too,g,1 (%) = 0, Too,g,2(%) = x(1 — x) (1 — a); 
Tog 3 (x) =x(1 —x)[1- 9g? — 9g +g? (1 — gx) —2x+3q°x] 


and 


Ton g A(X) = X(1 —x) [9° [3]q(1 — ax) — qa” — 4° (1 — ax) (1 — 9°) 
+4q?x(1 — x) +4q3x— 4g°x(1 — qx) — 2q?x"] +.x— 4x7 + 6x7 — 34. 


3.3.3 Convergence 


Theorem 3.12. Let gn € (0,1). Then the sequence {Mnq,(f)} converges to f 
uniformly on [0,1] for each f € C[0, 1] if and only if limps. gn = 1. 


Proof. Since the operators M, 4, are linear positive operators defined in C[0, 1], the 
well-known theorem due to Korovkin (see [1 13, pp. 8-9]) implies that Mn 4, (f3.) 
converges to f(x) uniformly, [x € [0, 1); — ©] for any f € C/O, 1] if and only if 


Mng,(tisx) +x i=1,2 [x [0,1);2 > I. (3.39) 


If gn — 1, then [n]q,, —> 2; hence, (3.39) follows from Theorem 3.11. 

On the other hand, if we assume that for any f € C[0,1], Mng,(f,x) converges to 
f(x) uniformly [x € [0,1);n — o], then g,, + 1. In fact, if the sequence (g,) does 
not tend to 1, then by Theorem 3.1, E,,4(x) + 0 as n — © for all x € (0,1). Also for 
0 <q <1, we have [n— 1], > 7+, as n> ©; thus, 


Myg(t?sx) 3x + [QJex(l-a)(1-g) Ax (n>), 
which leads to a contradiction. Hence, gy, — 1, and the proof of Theorem 3.12 is 
thus complete. | 


For f € C[0, 1], t > 0, we define the modulus of continuity w(f,t) as follows: 


o(f,t):= sup |f(x)—f)]. 


lx-y|Se 
x,ye [0,1] 


Theorem 3.13. For any f € C[0, 1], we have 


|Moog(f) — f(x)| < 2@(f,27'V 1-4), 


where w(f,5) denotes the modulus of continuity of the function f on the segment 
(0, 1}. 
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The proof of Theorem 3.13 follows along the lines of [151, p. 13]; we omit the 
details. 


Lemma 3.9. Let f € C[0,1] and f(1) =0. Then we have 


Wri S| < Wae(lfl) Sofa y+), 


and for any n,k, we have 


|Wone(f)| < Woor(|f]) < o(f,g")1t+qe™). 


Proof. By the well-known property of modulus of continuity (see [113, p. 20]) 


o(f, At) <(1+A)o(f,t), A >0, 


we get 
If@| =If@ -—fQ)| S$ oOF,1-1) < o(f,g")U+ 1 —-2)/q"). 
Thus, 
Wirc(P)| < Wr (lfl) : =the f q' F(t) ent 
< <a fa! qg ‘o(f.g’)(A+(1 snails 
—n _ [kK] 
ge “a (-Fa)! 
n Lag n —n 
= o(f.g')(1+ SEER) < o(fat irra) 
Similarly, 
ik pd 
Wou(A)] < WoaLf) = = [Lf maser at) dat 
ae ere ‘ 
<o( fay E— [+= 1/a" masa at)dy 
=o(f,g")+(-C-4))/9") =o(f, d+”). 
Lemma 3.9 is proved. | 


Theorem 3.14. Let 0 < q < 1. Then for each f € C[0,1] the sequence {Mn4(f;x)} 
converges to M...q(f;x) uniformly on [0,1]. Furthermore, 
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I|Mn.g(f) — Moog(f)I| S Cy O(F,4"); (3.40) 


where Cy = sat. 


Proof. The operators M,,, and M...q reproduce constant functions, that is, 


Mag (13x) = Mog(15x) = 1. 


Note that, without loss of generality, we may assume that f(1) = 0. If x = 1, then 
by Lemma 3.9, we have 


\Mng(fs1) — Meog(F:1)| = [Wan Ff) — FQ) = [Wan(f)| < 20(f,9"). 


For x € [0, 1), by the definitions of Mng(f;x) and M...g(f;x), we know that 


oF tn ag ®) — Yi Anat Fitts fg(#) 


|Mng (fsx) — 
k=0 
< »y [Wal f) — Woo, (f f)\Mn,k,q(X) x) + > Wase f)\\rtn kg (x \— Mag a)| 
k=0 


+S [Woe f)) eo eg(x) = +b +h. 


First we have 


Pagal) — mental] =| |" F*] caer = 
q 


= |["E4] Goons eon teen] E] ; ] 


co ; n+k 
< mmngg(*)|1— T] (1-a/s)] + morale) | TL — 4") = 1] 
j=nt+l jan 
go 
< 1—q Ca (x) + Moo, kg (x)), 


where in the last formula, we use the following inequality, which can be easily 
proved by the induction on n (see [100]): 


n n 
1—[][Q—as)< Sas, (a,.--,4n € (0,1), n=1,2,...,2). 
s=1 s=1 
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Using the above inequality we get 


Waal) Wont) < fa ALA ey em — psa 


g't)l—q't!t) 1- 
< : a" f(Ol| oa 


1 
T=9 [ta tt.g(t)dat 


nk— t 
+ fear FON G qa Mask. ql at) | dot 
n+ 1 
< fa 60 mast glatddat 
n—k 1 
+t g' *\F(t)| [nq (Mn pt q(Qt) + 1tco,k1,q (Gt) )dgt 


—k 
= Woo (FL) + =r Wr (fl) +4" [rl qWen (IF) 


So(f.g") 


of olfa ltd) +22 olf giyleg”) < OF 
q q 


Now we estimate /; and /3. We have 


and 


h<o(f.") ¥ d+ ™)meng(x) < 20(f,9") >) Pook (Gsx) < 20(f, 
k=n+1 k=n+1 


Finally we estimate lh, as follows: 


2a(f.g") < 4o(f.q") 


Combining the estimates of 1, , 5,1; for each x € [0,1), we conclude that 


11-2 
[Mn g( fi) ~Mang(fs4)| $ FF Ol fa"). 


This completes the proof of Theorem 3.14. 
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Remark 3.3. Asa special case when f(x) = x*,0 <q < 1, we have 


I|Mng(f) — Meog(F)|| 2 1g" 2 co O(f,9"), 


where c, and c2 are positive constants independent of n. Hence, the estimate (3.40) 
is sharp as the sequence q” in (3.40) cannot be replaced by any other sequence, 
which decreases to zero more rapidly as n — 9. 


Lemma 3.10. Let L be a positive linear operator on C[0, 1] which reproduces linear 
functions. If L(t?,x) > x? for all x € (0,1), then L(f) = f if and only if f is linear. 


As an application of Lemma 3.10, we have the following theorem for our 
operator: 


Theorem 3.15. Let 0 < q < | be fixed and let f € C[0,1]. Then M..g(f3x) = f(x) 
for all x € [0,1] if and only if f is linear. 

Theorem 3.16. For any f € C[0,1], the sequence {M..4(f)} converges to f 
uniformly on [0,1] as gq 1-. 


Proof. The proof is standard. We know that the operators M...q are positive linear 
operators on C[0, 1] and reproduce linear functions. Also, by Lemma 3.8, we have 
Moog (t3x) =x 

Meu g(t?3x) = (1-@?)x +. 92x? 9 
uniformly on [0,1] as g > 1—. Thus M..,q(t/;x) > x',i = 0,1,2, and by the well- 
known theorem due to Korovkin, we obtain the desired result. | 


Theorem 3.17. [f f € C)(0, 1], then 


= Tagalt) 
es (2) = kia Dac 
2 o(f ; V1 q) Tos,g,2 (x) + = q ; 
where T.og2(x) and T.o.4,4(x) are given in Remark 3.2. 


Proof. Let x € [0,1] and f € c?) (0, 1] and then by Taylor’s expansion, we have 


where € lies between x and t. By Definition 3.7, we have 


= 2)(£) — £2) 
Marg( fx) —S(0) ~ S44 (ohx(1—2)| < Mong (/ GLO sia). 


2 
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Also we have 


Lae 
(P(E) — f(0)] < @(f,|E —21) < of ©, fi=a(1+ ae . 


vig 
Hence, 
(2)(E) — f(2) Ti. 
Moog f () f (x) (t xix) < A) ag _ Toga x) aw A(x) 
2, l-q 
and this completes the proof of Theorem 3.17. a 


Our next direct theorem is in terms of the second-order modulus of continuity, 
for this firstly we introduce some basic definitions: 
For 5 > 0 and W? = {g €C[0, 1]: gg" € C[0, 1]}, the K—functional are defined as 


Ko(f,5) = inf{||f —gl|-+nllg ||: ¢¢W7}, 


where norm-||.|| is the uniform norm on C[0, 1]. Following [50, p. 177], there exists 
a positive constant C > 0 such that 


Ko(f,8) < Can(f, V8), (3.41) 


where the second-order modulus of smoothness for f € C[0, 1] is defined as 


a(f,V5) = sup sup |f(x+2h)—2f(x+h)+ f(x)|. 


O0<h<V5 xx+hE(0,1] 


Theorem 3.18. Letn > 1 be a natural number and let qo = qo(n) € (0,1). Then for 
f €C(0,1],¢ € (Go, 1), there exists an absolute constant C > 0 such that 


Mna( fix) - f(@)| < Cor (f,v8), 


lgx(1—)(1=a"s) 


where 6 = mM, 


Proof. Let x € [0,1] and g € W?. Applying Taylor’s formula 


sl) = (x) +(t-2) (0) + fw) g"w) au, 


and using Theorem 3.11, we obtain 


Mnq(8;x) —g(x)= Mng (/' (t—u) ge" (u) aus) : 
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On the other hand 


< (tx)? lle" ||. 


[ew et du 


Thus 
|Mn,q(gix) — 8(x)| < Mng(t —x)*sx)|le"|l- 


Also by Theorem 3.11, we have 


co 


Lome 
Maal fia) < lng Sy maag(sdat® f° natal 


Fear agit) (git tay Flat +n 0,9) 1F(0)| <IIFIl- 


Therefore, 
|Mng(f3x) — F(x)| < |Mng(f — 83x) — Ff — 8) (x)| + |Mng(93x) — 8) 


[2]qx(1 — x). — q"x) 


<2Nf — al] + Se" 
q 


Taking the infimum on the right side over all g € W? and using (3.41), we get 


[2]gx(1 — x)(1 2) 
[n—1]q 


Maal f3x) — (3) < 2K (+ 


< Con(f; v8), 
and the proof of Theorem 3.18 is thus complete. a 


Remark 3.4. It may be observed that for g = go(n) > 1 as n + ©, the sequence 
{Mnq(f)} converges to f uniformly on {0, 1] for each f € C[0, 1], because 


{= n+1 
lim [n+ 1] = lim 1 (qo(n))"™" =" 
neo neo 1 — qo(n) 


if lim go(n) = 1. 


n—-eo 


Chapter 4 
q-Bernstein-Type Integral Operators 


4.1 Introduction 


In order to approximate integrable functions on the interval [0, 1], Kantorovich gave 
modified Bernstein polynomials. Later in the year 1967 Durrmeyer [58] considered 
a more general integral modification of the classical Bernstein polynomials, which 
were studied first by Derriennic [47]. Also some other generalizations of the 
Bernstein polynomials are available in the literature. The other most popular 
generalization as considered by Goodman and Sharma [82], namely, genuine 
Bernstein—Durrmeyer operators. In this chapter we discuss the g analogues of 
various integral modifications of Bernstein polynomials. The results were discussed 
in recent papers [45, 62, 86, 89, 92,94, 121], etc. 


4.2 q-Bernstein—Kantorovich Operators 


Recently, Dalmanoglu [45] proposed the g-Kantorovich—Bernstein operators as 


n [kK+1]q/[n+1]q 
Kral fot) = ln Uy Pala) f 
k=0 [Kq/[n+1q 


f(t)dgt, x € [0,1] (4.1) 


where 


Palax) = [i] 2° TL oe. 


q 


In case g = 1, the operators (4.1) reduce to well-known Bernstein—Kantorovich 
operators 


n (k+1)/(n+1) 
Kilf.x) = (2 +1) ¥ Pua) [ flo)dt, x€ (0,1) 
k=0 k/(n+1) 
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where p,, x(x) is the Bernstein basis function given by 


Pngx(x) = (“) (1 — xy. 


4.2.1 Direct Results 


For the operators (4.1), Dalmanoglu [45] obtained the following theorems: 


Theorem 4.1. Jf the sequence (qn) satisfies the conditions limp—s.0qn = 1 and 
limyyeo [— = 0 and 0 < gn < 1, then 


[n] qn ~ 


|Kng(f,x) — f|| 4 0,1 >, 


for every f © C[0,a],0<a<l. 


Proof. First, we have 
n n-k—1 [k+1]q/[n+1]q 
_,|n - ; 
Kng(1,x) = [n+1]o di - "| xf Il (14's) | dgt. 
q  s=0 


k=0 s A]q/{n+1]q 


Also by definition of g-integral 


[k+1]q/[In+1]q [k+1]q/[n+1]q [k]q/In+q 
i dgt = 7 dgt — [ dqt 


[k]q/[n+1]q 
7 [k+ 1am j Kg Si 
= (1-4) int 1}, 2s? (1—q) +i, & 
_.1-¢ ~ i # 


Thus K;,,(1,x) = 1. Next 


n—k-1 [k+1]q/[n+1]q 


Kng(ts2) = int lq Sg H xt Il (ax) | tdgt. 
q 


k=0 s=0 k]q/[n+1]q 
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Again by definition of g-integral 


[k+1]q/[n+1]q [k+1]q/[n+1]q [k]q/[n+1]q 
| tdgt = : tdgt — [ tdgt 
[k]q/[n+1]q 0 0 


[n]q - 1 1 
[n+1Jg 1t+q[n+1]q° 


To estimate Kj g (72), we have 


[K+ 1Nq/In+1]q , k+1q/[n+1]q_, Ka/In+l}q_, 
| Pay = | Pagt— [ tdgt 
[k]q/In+1]q 9 0 


= uli let ME + ell e+ 
q 


Therefore using [k+ 1], = q[k], + 1 and using the similar methods as above, we 
have 


[lgle—Ng tata 2, Ig ¢+3q+2 1 l 
[nt1]2 1+q+q¢? [n+1]2 1+q+¢@ [n+1]21+q+q? 


Kng (t,x) = 


Replacing g by a sequence {q,} such that lim, 0g, = 1, it is easily seen that 
Kng (t',x),i=0, 1,2 converges uniformly to ¢'. Thus the result follows by Korovkin’s 
theorem. a 


Theorem 4.2. Jf the sequence (qn) satisfies the conditions Vimy qn = 1 and 


limps Gg =O and 0 < qn <1, then 


|Kng(f,*) — f(x)| < 2a(f, Vn); 
forall f € C[0,a] and 6, = Knq((t —x)*,x). 
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Proof. Let f € C[0,a]. From the linearity and monotonicity of Ky¢(f,x), we can 
write 


|Kn.q(f,x) — f(x)| < Kng(IF(t) — F)|,*) 
n n—k-1 [k+1]q/[n+1]q 
_ —k}n _ 7s = 
= Int th 9 tl. pa v 5) fase MDa 
On the other hand 
lf(t) —f@)| < off, |t ->1). 


If |t — x| < 6, it is obvious that 


(1-2) 


ofa s (14 SE") or,8) (42) 


If |t —x| > 6, we use the property of modulus of continuity 
o(f,A5) < (1+A)@(f,5) < (1+A7)@(F,5),a ER* 
as A = ral. Therefore, we have 


(a 


so - F091 s (14) op.9) (43) 


for |t —x| > 6. Consequently by (4.2) and (4.3), we get 


Kral FX) F091 the Bae] at 


k=0 k q 
n~k—1 : [k+1]q/[n+1]q (t—x)? 

1-q’ 1+—- ,O)d 
IL-9 fe ( 5 Jor Jdot 


= (Kaa) + poknal(t—2)*)) o(f, 6). 


Taking qg = (q,) satisfies the conditions limps. gn = 1, limps. a. = 0, and0 < 
qn 


Gn < 1, using the methods of Theorem 4.1, that 


‘ 2 
dim Kn. gn ((¢ =9) x) _ 0, 


letting 5, = Kng,((t —x)*,x) and taking 5 = /6,, we finally get the desired result. 
This completes the proof of theorem. a 
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4.3 q-Bernstein—Durrmeyer Operators 


For f € C[0, 1],x € [0,1],n = 1,2,,,,;0 <q < 1, very recently Gupta [86] defined 
the g-Durrmeyer-type operators as 


Dna(f,%) = (Dngf)(x) = [n+ Na Sa" Paala) [ 'f (t)Pna(qsqt)dgt (4.4) 


where 
hn : n—k-1 ; 
Rua) = H x Il (1—4q*x). 
qd s=0 


It can be easily verified that in the case g = 1, the operators defined by (4.4) reduce 
to the well-known Bernstein—Durrmeyer operators 


Dal fia) =(n+1) pasts) [ flOPnaldet 
k=0 ’ 


where 


pasts) = (7) ha —ayrt 


4.3.1 Auxiliary Results 


In the sequel, we shall need the following auxiliary results: 


Lemma 4.1. Forn,k > 0, we have 


D,(1—x)2-* = —[n—k]q(1— qx)", (4.5) 


Proof. Using the q-derivative operator, we can write 


n—k-1 n—k—-1 
D,(1—x)n-* = in iT Geauga) = a a) 
_ (gr * _ 1) n—k—2 +1, 
~~ @n tore 
= —[n—k],(1 — qx) 1 a 
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Remark 4.1. By using (4.5) and Dgx* = [k],x*—!, we get 


Dy(x\(1 = x)q*) = [klgx ( —a)g *— gh n—Kg(1— ang 


= 11 = gx) (1 = 3) lg axl — Kg) 


= x 1(1—gx)q "(kg — [r]qX)- 


Hence, we obtain 


x(1—x)Dy (1 =x") =<(1—x)"*(n]q ( -:) (4.6) 

Lemma 4.2. We have the following equalities: 
¥(1—8)Dy(Pna(ais)) = PlaPaalass) (F4—s), (47 
t(1 — qt)Dg(Pnc(4:4t)) = [MlqPnx(9s9t) (3 = a) (4.8) 


Proof. Above equalities can be obtained by direct computations using definition of 
operator and (4.6). a 


Theorem 4.3 ([92]). Jf m-th (m > 0,m € N) order moments of operator (4.4) is 
defined as 


n 1 
DA n(x) = Dag(t™,x) = [n+ 1]q > *Pne(@sx) [ Pnx(qsqt)t™dgt,x € [0,1], 
k=0 


then DS 4 (x) = 1 and forn > m+ 2, we have the following recurrence relation: 
[n-+m+ 2D mit (x) 


= (fm+ Vg tq" 'x[n]q)Dh n(x) +x(1—x)q"*"Dg(Dh n(x). (4.9) 


Proof. By (4.7), we have 
x(1 —x)Dq(Diim(x)) 


= 4 My Yaa —2)DolPaale2)) | Paelsaniy 
k=0 m 


= [n Tr Nalely Sa" paalas) [ (Fr -«) Pnk(qigt)t dat 


[n|q 


+ alr + Talla 8x(1—2)Dq(Puelaix)) [ paalasatye dy 
k=0 e 
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n 


1 
= xfn+ Wolly *x(1—x)Da(Pnalair)) | paalasat) det 
k=0 0 
= 1+ [gD yi (2) —strgDh nl), 


Set 
pnt pnt+2 


u(t _ gmt — gntl? 


by q-integral by parts, we get 
Jo «(4t)Da (Pra (4sqt) dat 
1 1 : m m+1 
= [u(t) Pne(9s9t) lo — aah Pnx(qsat)([m+ Ut” — [m+ 2]qt""™” )dgt 


: m 1 
= ee! Pna(qsagt)({m+ Ugt™ — [m+ 2]gt™* dot, 


therefore 
P= ae (m+ Pn) — f+ Dh r() 
by combining the above two equations, we can write 
g"*1x(1—x)Dq(Dhn(2)) = — (ln + UgDhn(2) — n+ 2] gD ni (*)) 
+9" (0) Do nyt) — Ht gDh n(x) - 


Hence we get the result. a 


Corollary 4.1. We have 


_ (+4qx{n}q) 
Di) = Thy” (4.10) 
Dt, (x) _ Gx |n\q([nq —1)4+( +4)°qx[n]q+ 1 +q (4.11) 


[n+ 2]g[n+3]q 

The corollary follows from (4.9). 

Lemma 4.3. For f € C[0, 1], we have ||Dngf\| < ||f\|- 
Proof. By definition (4.4) and using Theorem 4.3, we have 


n 1 
nal F2)1 < ba Uy Palas) | LPO) IPne gat et 
k=0 0 


S||F1]Png (sx) = [III a 
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Lemma 4.4. Letn > 3 be a given natural number and let qo = qo(n) € (0, 1) be the 
least number such that q"+? — q"*! —2q" —2q""!—.-.—2g —q?+q4+2<0 for 
every q € (qo, 1). Then 


—x)?.x 2 2x : 
Dng((t—x)",x) S [n+2]q (o ( + a) 


where p(x) = x(1—x), x € [0, 1]. 


Proof. In view of Theorem 4.3, we obtain 


9 @lnlg(lalg— 1) — 2¢lnlaln + 3] q+ [2 + Zain + 3] 
Dng((t —x)?,x) = x2 q q n+ 2+ 3], q q 
4g (AFD Tag 2n+3)q 4g 
[n+2],[n+3]q [n+2]g|n+ 3]q 


By direct computations, using the definition of the q-integers, we get 


q(1+q)"[M\q—2[n + 3]q = g(1+q)(1+qt---+q" !)—2(1+qt--+q""”) 
= G2 4 ght 4 29" 424" 14...4+2¢% +4? -g—2>0, 


for every q € (qo, 1). Furthermore 


q(1+9)"[n]q—2[n+3]q < 4[n] —q—2[n +3], 
= A([n+3]¢ q’ iia oe) 2In+3l, 
< 4[n+3]qg—2[n+3]q = 2[n+3]q 


and 


qi +q)[n]q—2[n + 3]¢ +97 [rq ([Mlq — 1) — 2¢[n]gln + 3]q + [n+ 2]q[n + 3]q 


= q(1+q) [nlg—2(1t+9+¢ +4 [NJq) +9 [ng -7' [rl 
— 2g{nlgl+qtq+q'[nq) + +t lng t+qt+¢ +a [n]q) 


= @ (1-49) [nla — (g—¢ +2q° — 29") |n]q— (1-9”) 
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In conclusion, for x € [0, 1], we have 
Dug ((t— x)",x) 


_ + ile 2+ 3le yy 4 (ha Pee 2h 


[n+ 2]q|n+3]q [n+ 2]g[n + 3]q 
i: @ [n|q([Mlq— 1) — 2a [n\q[n + 3]q+ eek) a l+q 
[n+ 2]q|n+3]q [n+ 2]qln+ 3]q 
2in+3lo or, 2 2 fos 1 
< pete, OO paaaeeay <a, ("+ Bag): 
which was to be proved. | 


For 5 > Oand W? = {g €C[0, 1]: ¢',¢” € C(O, 1]}, the K-functional are defined as 


K>(f,5) = inf{||f—g|| + nlle |: ¢¢ Wt, 


where norm-||.|| is the uniform norm on C[0, 1]. Following [50], there exists a 
positive constant C > 0 such that 


Ko(f,6) < Can(f, V8), (4.12) 


where the second-order modulus of smoothness for f € C[0, 1] is defined as 


on(f,V6)= sup sup |f(x+h)—f()|. 


0<h< V6xxthe [0,1] 


We define the usual modulus of continuity for f € C/O, 1] as 


o(f,d)= sup sup |f(x+h)—f(x)]. 


0<h<6 x,x+hE[0,1] 


4.3.2 Direct Results 


Our first main result is the following local theorem: 


Theorem 4.4. Let n > 3 be a natural number and let qo = qo(n) € (0,1) be defined 
as in Lemma 4.4. Then there exists an absolute constant C > 0 such that 


1l-x 


Daal fos)—F0)] < C2 (Fln+2]o"78l9)) +o( F. -). 


where f €C[0,1}, 87(x) = 97 (x) + pag x € [0,1], and q € (go, 1). 
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Proof. For f € C[0,1] we define 


és 1+ q[n]qx 
Dnglfra) = Dnalfoa) +50) —F (EEE), 
1g ng [n+2]q 
Then, by Corollary 4.1, we find 
Dig ha) = Da (1a) = 1 
and 
De ee ee ae 
neg \"> neq\'> [n+2], 


Using Taylor’s formula 


we obtain 


Hence |Dnq(g,x) — g(x)| < 


1+q|n|qx 


< Dag ( | * [tal -|e"(a)| du -) +) [fr aia 
2 
< Dag((0—a)43) Ul + (EBS —) 


On the other hand 


Dag((t —x)*,x) + (He -x) < 


[n+2]q 


(4.13) 


(4.14) 


4.3 q-Bernstein—Durrmeyer Operators 123 


by Lemma 4.4. Because [n+ 2]q — [nla = (1 t+qt...t+q"!)-q(lt+qt...4 
q’-') =1+4q""!, we have 


1< [n+2],—q[nlq <2 (4.17) 


Then using (4.17), we have 
( l= (ln +2]q— ald) : 5, >(x) < 


[n+2]q : = 
_ 1=2((nt+2]q—alnlg)x + (In + 2]q = alg)? [1] 
[n+ 2]2 [n]gx(1—x)+1 
1—2x+4x? [ng 1 3 
+I, +p Page —a) #1 ~ Ty ai 
forn = 1,2,... and0 <q < 1. Inconclusion, by (4.16) and (4.18), we get 
> 1+ q[n]qx 5 9 
Dnal (tas) + (EAH) < FoR), I) 
where x € [0, 1]. Hence, by (4.15), 
ry) _§2 lo 
IDng(g,x) — g(x)| < [n+2]q 5; (x) llg Il; (4.20) 
where n > 3 and x € [0,1]. Furthermore, by Theorem 4.3, we have 
a 1+ q[n|qx 
Daal fo] < Daal Fadl lr | F(A) |< air 
Thus 
Png Fall <3 IIfll, (4.21) 


for all f € C[0, 1]. 
Now, for f € C[0, 1] and g € W?, we obtain 


IDng(f,x) —f(x)| < 


Dag fs) — 100) (TEI) — 769) | 


< |Dng(f — 8,%)| + |Dng(g.x) — 8()| + lee) — F(@)|+ 


5 
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<4 llf- psa 87(3): iio s 


<5(If-al +p): Ie'l) $0(F. oo). 


where we used (4.20) and (4.21). Taking the infimum on the right hand side over all 
ge wW2, we obtain 


IDng(f,x) — f(a)| $5 Ko (Amor +31, n(x )) +o o(t ara [n+ 2Iq a 


In view of (4.12), we find 


1—([n+2]g—|n]q)x 
[n+2]q 


Daal fs) ~ Fle)] < Cor (Fila 76y(0)) +0(F. =F), 


this completes the proof of the theorem. a 


For the next theorem we shall use some notations: for f € C[0,1] and p(x) = 
x(1—x), x € [0, 1], let 


of (f,V6) = sup sup |f(x+he(x)) —2F (x) + fe hela))| 


0<h< V5x+hGE [0,1] 


be the second-order Ditzian—Totik modulus of smoothness, and let 


Ko,9(f,) = inf{||f—gl| + d|lo°s"" IIs" (9)} 


be the corresponding K-functional, where 
W(9) = {¢ €C[0, 1]: 8’ € ACioe[0, 1], 978” € Cl, 1]} 


and g’ € AC;,-[0, 1] means that g is differentiable and g’ is absolutely continuous on 
every closed interval [a,b] c [0, 1]. It is well known (see [51, p. 24, Theorem 1.3.1]) 
that _ 

Rr 9(f,6) < C af (f,V8) (4.22) 
for some absolute constant C > 0. Moreover, the Ditzian—Totik moduli of first order 


is given by 


@y(f,6) = sup sup [f(x + hw(x)) — fO)I, 


0<h<6 x,xthy(x)E [0,1] 


where y is an admissible step-weight function on (0, 1]. 
Now we state our next main result. 
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Theorem 4.5. Let n > 3 be anatural number and let qo = qo(n) € (0,1) be defined 
as in Lemma 4.3. Then there exists an absolute constant C > 0 such that 


IDngf —fll < C of(f,n 421g") + oy(f,[n4+-2155, 


where f € C[0, 1], g € (go, 1), and w(x) =1—x, x € [0,1]. 
Proof. Again, let 


Leable) 


Dg fos) = Dag fos) +105) —J (EA 


where f € C[0, 1]. Using Taylor’s formula: 


s(t) = 9) +(t-a) (a) +f -w) 80), 


the formulas (4.13) and (4.14), we obtain 


Hence 


|Dn.g(g.x) > g(x)| 


t 
< Dig ( | |¢—u| 7 |g" (u)| du 


l+q[n]gx 


‘ [n+2] 
a a 
x 


Because the function 67 is concave on [0,1], we have for u=t+1(x—1), t € [0,1], 
the estimate 


1+q[n|qx 
[n+2], 


—u | - |g" (u)| du 


(4.23) 


|t—u| Tx —t| 2 Tx —t| Z \t —x| 
dr(u) — Se(t-+ t(x— 1) ~ 62 (t) + (52 (x) — 67 (4) ~ S2(x) 


Hence, by (4.23), we find 


|Png(g.x) —8(x)| < 


t It | 1+q|n|gx se | 
—Uu {n+2] n+ 
ay SP d ; : 62 " 2c / q q d ; &2 " 
< “(| Say 7 Ure" | fe ae | 80" 


ae 1 1+aq[n|qx : ” 
Saray: Drallt 274) SER + sax: (EM — x) taza 
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In view of (4.19) and 


I W2 OW 1 N 
Bn (x) - 1g"? (x)a" elt Ray, Ie'"8 gilt ey +3, | | 
where x € [0, 1], we get 
Pr 5 N 1 N 
Duals) a0] < ear (I'l oar le") 424 


Using [n], < [n+ 2],, (4.21), and (4.24), we find for f € C[0, 1], 
IDng(f,x) — f()| < 


< [Dug f —8.2)|+|Bngle.2) — 8091+ lela) — F0)4 | 5 (HA) - 1) | 


(st) 10 


Taking the infimum on the right hand side over all g € W?(@), we obtain 


<4 Fea Ele lle 


5 
[n oa, [n+2]q 


IDng(f,x) — f(x)| < 5K2,9 € am) + | f ( a) — f(x) | (4.25) 


On the other hand 


(ett) 0 


lA 


sup 


f(r we): | f(t) 
tt+y(t)-(1—([n+2]q—9|n}q)x)/[n+2]q€|0,1] 


< oy (Aa) ) (A peavey) er (Fame) 


Hence, by (4.25) and (4.22), we get 


Daf —fll < C o8(f,[n4+2]g 7) + @y(F,[n +2171), 


€ [0,1], which completes the proof of the theorem. a 
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Remark 4.2. In [86] it is proved for g = q(n) > 1 as n + that the sequence 
{Dnqf} converges to f uniformly on [0,1] for each f € C[0,1]. The same result 
follows from Theorem 4.5, because 


= n+2 
lim [1 +2], = lim OE es, 
n—00 neo 1 —q(n) 


if lim,_,..g(n) = 1. 


4.3.3 Applications to Random and Fuzzy Approximation 


Let (X,||.||) be a normed space over K, where K = R or K = C. Similar to the case 
of real-valued functions can be introduced the following concepts. 


Definition 4.1 (Gal [74]). 


(i) For f : [0,1] —X, the first-order Ditzian—Totik modulus of continuity @y(f, 6) 
and the second-order Ditzian—Totik modulus of smoothness wy (f,5) are 
respectively defined as 


Oy(f,6) = sup sup | f(@+hw(x))— FO), 


0<h<6 x,xthy(x)E [0,1] 


and 
oy (f,5) = 
sup{sup{|| f(x + A@(x)) — 2f(a) + F(e—he(x)) I], x € Ln} h € [0, 6]} 
where Io, = | tr ] (x) = ,/x(1—x),w x)=1-x,0<6<1. 


(ii) f : [0,a] - X is called g-integrable (0 < q < 1) on a if there exists J € X 
denoted by J := {9 f(u)d,u with the property 


tim |Z — a> q Ke( aq‘) 


Remark 4.3. Let (X,]||.||) be a Banach space. If f : [0,a] > X is continuous on 
[0,a], then it is g-integrable. Indeed, denoting S,(f) = (1—q)X%_, g‘f(aq*), we 


get Snip(f) — Saf) = 1 -9@)d yg flag ) and since ||f(x)|| is bounded (by 
continuity) by a positive constant denoted by M, for all n, p € N it follows 


n+p 


I|Sn+p(f) — Su(f)I| <M(L—@) Ya SMU 4) "yg = Mq", 
k=n j=0 
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which shows that (Sn(f))nen is a Cauchy sequence. Since X is a Banach space, it 
follows that this sequence is convergent and therefore f is g-integrable. 


Definition 4.2 (see Gupta [86] for real-valued functions). For f : [0,1] > X,0< 
q <1, q-integrable on [0,1], the g-Durrmeyer operators attached to f can be 
defined as 


Daal FX) = Dug fl8) = 0+ Ya *realass) [ Fopaalaianddy 4.26) 


where 
n 
pastas) = [2] sian 


Theorem 4.6 (see, e.g., [124], p. 183). Let (X,]||.||) be a normed space over K, 
where K = R or K =C and denote by X* = {x* : X > K,x* is linear and 
continuous}. Then 


||x]| = supf{|a"(x)] sx" € X*, |]x"|] < Tf. 


Gal and Gupta [77] established the following theorem: 


Theorem 4.7. Let (X,]||- ||) be a Banach space and suppose that f : [0,1] + X is 
continuous on (0, 1]. Then under the conditions on q as given in Lemma 4.4, we have 


Dn gf — flu <C Of (f,[n+2)-'/?) + @y(f,[nt+2]-), 


where ||fllu = sup{||f(x)|l : € (0, 1]}. 


Proof. Let x* € X*,0 < |||x*||| < 1 and define g : [0,1] > R,g(x) = x*(f(x)). 
Obviously g is continuous on (0, 1]. First, we have 


1 
2,——~) = sup sup x" [f(x t+ hw(x)) — fx 
ys [n+ 2] i eees el LA ve) — Fell 
< sup sup |[[x" [ll - LF a+ Ay) — F@Il 
0<h<1/[n+2]x,xthy(x)€[0,1] 
< sup sup ||[f(@+hy(x)) — F@)Ill 
O<h<1/[nt2]xxthy(x)€(0,1] 
1 
= Oy(f, [ yy 


n+2] 
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and 
of (g,[n+2]-1/?) 
= sup{sup{|x* [f(x +h(x)) —2f(x) + f(e—he(x))]|, xe by} h € [0,[n+2)7 1/7} 


sup{sup{ |I]|x* ||] -||F(@+h9(x)) — 2f (a) +f —he(a))|L.x € ba} € (0, [n+2)-"/7]} 
of (f,[n +21”). 


lA 


A 


Now, by Theorem 4.5, for all x € [0,1] and n € N, we have 
[Png8(x) — 9(x)| < Cl @f (g,[n+2)-"7) + wy(g,[n+2]7)). 


But by the linearity and the continuity of x* (the continuity allows to x* to commutes 
with the integral), we easily get Dngg(x) — g(x) = x*[Dng f(x) — f(x)], which 
combined with the above inequalities lead to 


Dna f() — FI SCL of (fn +27") + @y(f, [a +207], 


for all x € [0,1]. Passing to supremum with |||x*||| < 1 and taking into account 
Theorem 4.6, it follows 


Prof) — FOI SCL OP (F, [n+ 21-7) + oy(f, fe +27], 


for all x € [0, 1], which proves the theorem. a 


Some applications to the approximation of random functions by g-Durrmeyer 
random polynomials and of fuzzy-number-valued functions by g-Durrmeyer fuzzy 
polynomials were discussed in [77] as 
If (S,B,P) is a probability space (P is the probability), then the set of almost 
sure (a.s.) finite real random variables is denoted by L(S,B,P) and it is a Banach 
space with respect to the norm ||g|| = J; |g(t)|dP(t). Here, for g1,g2 € L(S,B,P), 
we consider g; = go if gi(t) = go(t),as.t ES. 

A random function defined on [0,1] is a mapping f : [0,1] > L(S,B,P) and 
we denote f(x)(t) € R by f(x,t). For this kind of f, the g-Durrmeyer random 
polynomials are defined by 


Ong) = +a *Pnalass) [fet Pralasaudgt 
k=0 0 


Corollary 4.2. /f f : [0,1] — L(S,B,P) is continuous on (0, 1], then 
|Dngf — flu <C oy (f, [n +2)-1/?) + Oy(f, [n+2]~'), 


where || f||y = sup{|| f(x) 


>x € [0, 1]} = supt Js |f(x,1)|dP();x € [0, 1] }- 
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Given a set X 4 0, a fuzzy subset of X is a mapping u : X — [0,1], and obviously 
any classical subset A of X can be considered as a fuzzy subset of X defined by 
ya: X — [0,1], xa (x) = 1, ifx © A, Ya (x) =O if x € X \ A. (see, e.g., Zadeh [154]). 

Let us denote by R-+ the class of fuzzy subsets of real axis R (i.e., wu: R — [0, 1)), 
satisfying the following properties: 


(i) Vu € Rg, wis normal, ie., dx, € R with u(x,) = 1. 
(ii) Vu € Re, u is convex fuzzy set (i.e., u(tx+ (1 —t)y) > min {u(x) ,u(y)}, Vt € 
[0,1], x,» € R). 
(iii) Vu € Rg, u is upper semicontinuous on R. 
(iv) {x € R: u(x) > 0} is compact, where A denotes the closure of A. 


Then R- is called the space of fuzzy real numbers (see, e.g., Dubois—Prade [56]). 


Remark 4.4. Obviously R C R-, because any real number x9 € R can be described 
as the fuzzy number whose value is | for x = xp and 0 otherwise. 

For 0 <r <1 and uw € Rez, define [u]’ = {xe R;u(x)>r} and 
[u]° = {x €R;u(x) > 0}. Then it is well known that for each r € [0,1], [uJ” is a 
bounded closed interval. For u,v € Ry and A € R, we have the sum u@ v and the 
product A © u defined by [u@ v]" = [u]" + [v]", [A Ou]! =A [u]", Vr € [0,1], where 
{u]’ + [v]’ means the usual addition of two intervals (as subsets of R) and A [uj’ 
means the usual product between a scalar and a subset of R (see, e.g., Dubois—Prade 
(56], Congxin—Zengtai [44]). 


Let D: Rz x R¢ > RU {0} by 


D(u,v) = sup max {|u" —v"|,|u, —v |}, 
re(0,1] 


where [u]’ = [u’_,u',], [v]" = |v", v',]. The following properties are known (Dubois— 
Prade [56]): 

D(u@w,v@w) = D(u,v), Vu,v,we Re 

D(kOu,k Ov) = |k|D(u,v) ,Vu,v € Rz, Vk ER; 

D(u®v,w@e) < D(u,w) +D (ie) ,Vu,v,w,e € Rez and (Rz,D) is a complete 
metric space. 

Also, we need the following concept of q-integral. A function f : [0,a] > Re, 
[0,a] C R will be called q-integrable on [0,a], if there exists J € Rz, denoted by 

= |¢ f(u)dqu with the property 


lim DiI, (1-4) OX*¢d" © f(aq*)]|| = 0. 


n—-eo 


Here the sum >\* is considered with respect to the operation ®. 


Remark 4.5. If f :[0,a] + R is continuous on [0,a], then it is g-integrable. Indeed, 
denoting S,(f) = (1 —q) © =*t_\q* © f(aq*), from the above properties of the 
metric D, we can write 
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D[Sn(f),Sn+p(f)] = (1 —@)D[Or,, =p Pg" © f(aq*)] < 


n+p ; n+p 
—q) ¥ Dlr, f(aq")] <MU—4 da. 
k=n 


where the continuity implies that f is bounded and that there exists M > 0 such that 
D(Oe,,f(x)] <M for all x € [0,a]. In continuation, taking into account that (R,D) 
is a complete metric space, the reasonings are similar to those in the Remark 4.3. 


Theorem 4.8 (see [44]). Rz can be embedded in B = C[(0,1] x C[0,1], where 
C(0,1] is the class of all real-valued bounded functions f : [0,1] + R such that 
f is left continuous for any x € (0,1), f has right limit for any x € (0,1), and f 
is right continuous at 0. With the norm ||-\| = supyejo,1)|f(%)|, C0, 1] is a Banach 
space. Denote ||-|| the usual product norm, i.e., Ne = max {|| f]| ,||g|| }. Let 
us denote the embedding by j : Ry — B, j(u) = (u_,u+). Then j(Re) is a closed 
convex cone in B and j satisfies the following properties: 


(i) j(sQu@®tOv)=s- j(u)4+t- j(v) for all u,v € Re and s,t > 0 (here “-” and 
“+.” denote the scalar multiplication and addition in 1 
(ii) D(u,v) = || j(u) — j(v)||p (ie., j embeds Re in B isometrically) 


SS 


Let f : [0,1] + R= be a continuous fuzzy-number-valued function. The fuzzy 
q-Durrmeyer polynomials attached to f can be defined by 


Dna) = + NE a *pnalaa)® | paglgsau) © fudge 
k=0 0 


Also, let us define the following moduli of continuity and smoothness of f : 


@y(f,6) = sup sup Dif(x+hy(x)), f@)], 


0<h<6 x,xthy(x)E [0,1] 


@} (f:8) = sup{D[f(x+hG(x)) © f(x —hG(x)),2© f()]; 
x,x+ho(x),x—ho(x) € [0,1],0<h< 5}. 


Here $?(x) =x(1—x), w(x) =1—x. 


Theorem 4.9. Let f : [0,1] > Re be continuous on (0, 1]. There exist the absolute 
constant C, such that for alln € N we have 


sup{D[(Dngf)(x), f(a)]sx € [0,1]} $C oF (f,[n+2)-/7) + oy(f, [2 +2]7). 
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4.4 Discretely Defined g-Durrmeyer Operators 


For f € C[0, 1], Gupta and Wang [94] proposed the following g-Durrmeyer operators 


as 


n 1 
Mn g(f3x) = [n+ 1]q ¥ a! *pne(asx) [ F(t) Paes (qsat)dgt + f (0) Pno(43x) 
k=1 


(4.27) 


It can be easily verified that in the case g = 1, the operators defined by (4.27) 
reduce to the Durrmeyer-type operators recently introduced and studied in [3]. 


4.4.1 Moment Estimation 


By the definition of g-Beta function, we have 


and 


: 1 
; Hl Ay —_ 
[ PPnk (G3 )dgt = "| “ah t+s(1 — gt)" kdgt 


Kin\q! [k+s]q![n—k]q! G(n|q![k+5]q! 


q 


[K]qg![n—k]g! [kK+stn—k+ 1g! [nt+s+1]g![K]q! 


1 k 1 
s q k+s ey 
t* Doo sat)dgt = ~— fs 1—gt)°d,t 
[ DP (Gt) q a q)*[k]lq! 0 ( qt)a q 


‘ iG kta! 


= Gopgalt st aie = 0-9 


Lemma 4.5. We have 


and 


[n] 
[n+2]q 


Mng(1;x)=1, Mng(t:x) =x 


(1+4q)xI[n|q ee qlnlq([nq— 1) 
[n+3][n+2]q [n+ 3]g[n+2]q 


Mngq (t?;x) = 


(4.28) 


(4.29) 
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Proof. In order to prove the theorem we shall use the following identities: 


n n k 
»y Pnk(Gx) =1, by Wet aa) =4%, 
k=0 i 


i-o| Ja 


y (ey aaclaix) = 4 x( =x) 


Ho ‘lla [nq 


By (4.28) and (4.29), it can easily be verified that M,,,(1;x) = 1. Next, using the 
above, we have 


od te 


[n+2] 
ee ae 
[p+2),—, 7 " n+ 2], 


Finally, using [a+ 1], = 1+ q[a]q, we have 


1 n 
Mng(t?3x) = +3), +2), 2 Pilar) [K+ 1], [kg 


= UT hem! qx +9 


1 


—_ Fi - 3], in a 2, 3 Pn (Gx) [K]q + a> Pnx(Qsx) wah 


1 
[n+3], +2], alla 


+(e" [lq +x(1—x)I[n]q)} 


__alnla(1+4) ge | (lalla 
[n+3][e+2], [n+3],[n+2], q 
Thus, 
2 — Ale +9) a frla(lla — 1) 
MnO) = 3] 2), | +3), n+l, 
This completes the proof of the lemma. | 


Remark 4.6. By simple computation, it can easily be verified that 


[n+ 1]q Le 
Mng(t"x) = Peer Wi 5 le [k+ 1]q [k+r— VoPnz(Qix x), r>1. 
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Using [k+ s]q = [s]q + 9° |k]q, we get 


r—-1 r 
[klglk+ g++ Tk+r— 1g = [[(lslq + a°lg) = des (UNG, 
s=0 s=1 
where cs(r) > 0, s = 1,2,...,r are the constants independent of k. Hence 
n+l1]j! < i ay n+]] r 
Magls8) = Geer etey DSP) D Wlypaal ais) = pres ty Dea lgBnal 8). 


= [ntrt+ 1]g! 4 + [n+r+]],! = 
q* s=1 k=1 


Since cs(r) > 0 for s = 1,2,...,r and By,g(t*;x) is a polynomial of degree < 
min(s,7) (see [7]), we get M, alt’: x) is a polynomial of degree < min(r,7). 


4.4.2 Rate of Approximation 


Theorem 4.10. Let q, € (0,1). Then the sequence {Mn4q,(f)} converges to f 
uniformly on [0,1] for each f € C[0, 1] ifand only if limp... gn = 1. 


Proof. Since the operators My4,, ate positive linear operators on C(O, 1] and preserve 
constant functions, the well-known Korovkin theorem [113] implies that My 9, ({3) 
converges to f(x) uniformly on [0, 1] as n — ce for any f € C[0, 1] if and only if 


Mag, (t'sx) + x' (i= 1,2), (4.30) 
uniformly on [0, 1] as n —> ©. If gn — 1, then [n]q,,  o° (see [151]) and for s= 1,2,3, 
limy +0 rain = = 1, hence (4.30) follows from Lemma 4.5. 


On the other hand, if we assume that for any f € C[0, 1], Mn, (f,x) converges 
to f(x) uniformly on (0, 1] as n — ©, then gy — 1. In fact, if the sequence (gn) does 
not tend to 1, then it must contain a subsequence (gy, ) such that gn, € (0,1), gn, > 


qo € (0,1) as ke. Thus, -b— = 7 5 (Gy eas 08, 3 04.2, 3. 


MK+Slany 1-(4n, yrets 


Taking n = ng, ¢ = dn, in Mng(t?;x), by Lemma 4.5, we get 


Mayan, (t°3x) + X(1— Go) +279 A (kK) , 


which leads to a contradiction. Hence, g, — 1. 
This completes the proof of Theorem 4.10. a 


Let q € (0, 1) be fixed. We define M...4(f,1) = f(1) and for x € [0, 1) 


: 2 
Ma.g(f,) Gets (gx)q:— ya f(t) Pook-1 (G5 gt) dgt + f (0) po,0(4;*) 


co 


=: DY Ack (f) Pook (95)- (4.31) 


k=0 
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Using (4.29), (4.31), and the fact that (see [125]) 


°° 


> Palga=1, } d= pax) =x 
i= am 


and 


co 


Y= 4)’ pone (45x) = 3° + (1—g)x(1 2), 
k=0 


it is easy to prove that 


and 


Moog (t?3x) = ¥ (1-41 — o*") po 4g) 
k=0 


= (1—q)xt+q(x°+ (1—g)x(1—x)) =(1-@)x+ 9°. 
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For f € C[0, 1], t > 0, we define the modulus of continuity @(f,t) as follows: 


o(f,t) = SUP If(*) — FO)I- 
cea 


Lemma 4.6. Let f € C[0,1] and f(1) =0. Then we have 
Ane(f)| SAnk(Ifl) $ o(f.4")0 +4) 


and 


Ace(f)] SAcx(Ifl) < ofa") 49°”). 


Proof. By the well-known property of modulus of continuity (see [4], pp. 20) 


o(f,At)<(l+A)a@(f,t), A>0, 


we get 


IFO =f) -fM s oF,1-1) so(f,g")+ (1 —1)/q"). 
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Thus, 
Ank(f)| S Ane (|f|) = [a+ tly [a "FO Lonss (qs qt)dgt 
< [n+] fea go f,q"\(1 + (1—1)/4")Pnx-a (ast dat 
n =n [k] 
= of "+E" j +2], 
n qi(l ZZ gan) n —n 
= o(f.g Ce ae) <o(f, +”). 
Similarly, 
ne) <AnutI = 4 [VO paw lasaet 
oa - ‘ 
< olf. [+ 1-1/4" Papa gat) dat 
=o(f,¢’)\1+(1-(-4))/9") =o(f, d+”). 
Lemma 4.6 is proved. | 


Theorem 4.11. Let 0 <q < 1. Then for each f € C[0, 1] the sequence {Mnq(f;x)} 
converges to M..q(f3x) uniformly on [0,1]. Furthermore, 


I|Mn.g(f) — Moog(f)|| S Cq O(F,9"). (4.32) 


Remark 4.7. When f(x) = x*, we have 


|Mng(S) — Mag(F)|l > cig" > c2 w(f,q"), 


where c;,c2 > 0 are the constants independent of n. Hence, the estimate (4.32) is 
sharp in the following sense: The sequence q” in (4.32) cannot be replaced by any 
other sequence decreasing to zero more rapidly as n — ©. 


Proof. The operators M,,, and M...q preserve constant functions, that is, 


Mn g(1,x) = Moog (1,x) = 1. 


Without loss of generality, we assume that f(1) = 0. If x = 1, then by Lemma 4.1, 
we have 


\Mn.g(f;1) — Moog(F31)| = |Ann(f) — FC)] = Am(P)| S 20(f,9"). 
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For x € [0, 1), by the definitions of Mn4(f;x) and M...4(f;x), we know that 


°° 


Me) teal =| SA en@a— 3 Aa peas 
k=0 k=0 
<¥ Ane(f) — AeA) 1P n(x) + ¥, Ane All Pne(sx) — Poon 432) 
k=0 k=0 
a x IA f))|por(Q3x) = +bh+h. 
k=n+1 
First we have 
in ean ; xk co ; 
rales) pears) =|] ] a q’x) Gara, Ltt q's) 
n n—k-1 co 
=|[¢] #CIT a-¢9-Ta a's) 
qd s=0 s=0 
felt... 
+ Tomei] amare? 


< Pna(g:x) |1—T]_ lim (1—4'v) 


+pex(ax)| TT (-a')-1| 


s=n—k+1 


gt 
S —(Pn,k (4%) + Pook (95%)), 


where in the last formula, we use the following inequality, which can be easily 
proved by the induction on n (see [100]): 
n n 
1—][d — ds) S Yas: (Bigeceg Gy € (0, 1); n= 1,2,...;09). 
s=1 


Using the above inequality we get 


1 
lAnk(f) — Acok(F)| <| qf OM e+ Uap sa (at) — Pook (440) at 


< [aire 


1 
Iq- ToqlPae (q:qt dat 
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1 
+ fa ‘FOle+ 1g 


n+1 


1 
1-k 
t)| poo~1(q; gt )dgt 
= ff a Olas (aat) dy 


Pnk-1(G54t) — Pook-1(G3gt)|dgt 


< 


n—k 1 
| qf (t)|[2 +1] (Pn ea (@sqt) + Pooks (qsqt))dat 
qd J0 


n—k 
=o Aaah) + 2 Aa +a H+ Hoa UA 


7" : qh * <5 SOUT) 
tle o(f.¢g "at+q* ")+25— o(f.q)(i+¢ SI 
Now we estimate J; and J3. We have 
5a n\ n o(f, n 
h< Va") Y Pnk(gx) ie) 
1— k=0 ig 


and 


<o(f.q") ¥ d+qh")poe(gsx) < 20(f,q" >) Pook(Gsx) < 20(f,q"). 


k=n+1 k=n+1 
Finally we estimate J, as follows: 


n—k 
3 (Pnk(9sx) + Pook (45%) 


h< Yolfpayi+es 
k=0 


2a(f,g") < . : 4o(f,q") 
ag Plena) + Peoa (ix) SO 


We conclude that for x € [0, 1), 


a 


\Mn.g (fx) — Moo.g(f5x)| < Cqo(f.a"), 


where Cy = 2+ _— q: This completes the proof of Theorem 4.11. 


Since Moog(t? . = (1—q@?)x+¢?x? > x? for 0 < q < 1, as a consequence of 


Lemma 3.10, we have the following: 


Theorem 4.12. Let 0 < q < 1 be fixed and let f € C[0, 1]. Then M...4(f;x) 
for all x € [0,1] if and only if f is linear. 


= f(x) 


Remark 4.8. Let 0 < q < 1 be fixed and let f € C[0,1]. Then by Theorem 4.11 
and Theorem 4.12, it can easily be verified that the sequence {My,4(f;x) } does not 
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approximate f(x) unless f is linear. This is completely in contrast to the classical 
Bernstein polynomials, by which {B,,1(f;x)} approximates f(x) for any f € C(O, 1]. 


At last, we discuss approximating property of the operators M..,q. 


Theorem 4.13. For any f € C[0,1], {Moog(f)} converges to f uniformly on (0, 1] 
asq— 1-. 


Proof. The proof is standard. We know that the operators M...4 are positive linear 
operators on C[0, 1] and reproduce linear functions. Also, 


Mang (73x) = (1—@*)x +. 92x" 3 


uniformly on [0,1] as g > 1—. Theorem 4.5 follows from the Korovkin theorem. 


4.5 Genuine g-Bernstein—Durrmeyer Operators 


For f € C[0,1], Mahmudov and Sabancigil [121] defined the following genuine 
q-Bernstein—Durrmeyer operators as 


n—1 


Ung( fx) = [n- 1g >. a *PaelQsx) | | F(t) Pn—2,--1(43 qt) dat 
k=1 0 
+f (0) Pno(9sx) + f(1) Pan(9;x) 


= Y An) ene (G), 0 < x < 1; (4.33) 
k=0 


It can be easily verified that in the case g = 1, the operators defined by (4.33) 
reduce to the genuine Bernstein—Durrmeyer operators [82]. 


4.5.1 Moments 


Lemma 4.7 ([121]). We have 


Ung(1;x)} = 1,Un9(t5x) =x 


yy _ Uta)xUl=%) 
Dia 0) = [n+ i, +37 
we (1+q)x(1 —x) 2 
. _ q)xX\i1—xX 
Un,g((t — x)?5x) —. [n+ 1g < [n+ ig x) 
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Lemma 4.8 ([121]).. Ung(t;x) is a polynomial of degree less than or equal to 
min{m,n}. 


Proof. By simple computation, 


n—1 1 
Ung(tsx) = [n—1]q >) a! *pnglasx) [ F(t) Pn—24-1 (93 qt )t"dgt + Pn.n(95x) 


= [n — 2]g![k+m-— 1],! 
= n—1 n 2 t C = 3X 
[ = K(q x) (= 1q![a+m— a! Panl@; x) 
_ k+m— [k+m—1]q! 
7 ao 5 Pal ais) ~ [ea age Pan) 
eo Klqlk + Ug: [km — q+ Pnn(93x) 
- a 2 P| qix m—1]q+ Pnn(Gsx). 
Next using 
m—1 m ; 
[k]qlk + Ug: [kK+-m—1Ng = TT Gila + [slo) = & cc(n) ks, 
s=0 s=l 
where c,(m) > 0,s = 1,2,3,--- ,m are the constants independent of k, we get 
7 [n— 1]q! n m 
Ung (tx) = > Y' cs(m)[n] Bug (t*3x) 


nt+m— lq 
where B;, is the q Bernstein operator. Since B, q(t*;x) is a polynomial of degree less 


than or equal to min{s,n} and c,(m) > 0,s = 1,2,3,...,m, it follows that Un g(t’";x) 
is a polynomial of degree less than or equal to min{m, n}. | 


4.5.2 Direct Results 


The following theorems were established by [121]: 


Theorem 4.14. Let 0 < gy < 1. Then the sequence {Ung(f;x)} converges to f 
uniformly on |0,1] for each f € C[0, 1], if and only if limy 0 qn = 1. 


Theorem 4.15. Let 0 <q < 1 and n > 3. Then for each f € C[0,1] the sequence 
{Un.q(f3x)} converges to f(x) uniformly on [0,1]. Furthermore 


[Ung fs-) — Ug fs-)I| S cq@(f.q" *), 


where cg = r+ 4 and ||.|| is the uniform norm on (0, 1]. 
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Theorem 4.16. There exists an absolute constant C > 0 such that 


| x(1=) 
nal fix) — FW) S Com (+) on) : 


where f © C[0,1],0<q< 1, andx € [0,1]. 
Proof. Using Taylor’s formula 
t 
s(t) =a(x) + (1-2) 8) +f (t—u) 90,1], 


we obtain 


Ung (83x) = g(x) + Ung (/ (t—u) g”(u) aus) 2 €C’(0,1] 


pei —x). 


Now for f € C[0, 1] and g € C?(0, 1] and with the fact ||Un¢(f,;-)|| < ||fll, we 
obtain 


[Un.g(F5x) — 8(%)| S [Ung F — 85%)| + [Un.g(83x) — 80%) + IF) — sll 


Hence 


[Ung(8:x) — 84) S Ung ( [i -ul-le"| a 


S Ung ((t—x)?3x) IIe" ll < lle" 


<2If—all +e" la). 
q 


Taking the infimum on the right hand side over all g € C”[0, 1], we obtain 


Ing fx) — F(%)| < 2K (x ava -)) (4.34) 


The desired results follow from (4.12), (4.34). This completes the proof of the 
theorem. | 


4.6 q-Bernstein Jacobi Operators 


In the year 2005, Derriennic [48] introduced the generalization of modified Bern- 
stein polynomials for g-Jacobi weights using the qg-Bernstein basis functions. For 
q€ (0,1) and a,B > —1 


IPED => Fy Pee (4.35) 
k=0 
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where 


Pnk(@3*) y= [F] + “TT (1 — q*x) 


5=0 
and 


poe — Sot = any Fah dat 
ma fo ttt — gt Pat 


It is observed in [48] that for any n € N, ji (f;x) is linear and positive and 
preserves the constant functions. 
It is self adjoint. It preserves the degree of polynomials of degree < n. 


The polynomial Lop (f;x) is well defined if there exists y > 0 such that x’ f(x) 
is bounded on (0,A] for some A € 90,1] and a > y— 1. Indeed x f(x) is then g- 


integrable for the weight w9’ B (x) =x*(1— qx) . Thus we call that f is said to satisfy 


the condition C(a). Also < f,g >q" ab is well defined if the product fg satisfies C(a), 
particularly if f? and g? do it, where 


<fgrtha [ (1g Poh slat 
and 


1 
She gern t%(1 —t)B (qo Mt) g(gh* lt) dat. 


4.6.1 Basic Results 


Proposition 4.1. If f verifies the condition C(a), we have 


Dg ee (fx) = ree eo Dy (7 (=) as) ,x€ [0,1] 


Proposition 4.2. For any m,n € N,x € [0,1] and q € [1/2, 1] if 


oe gy Ge a)"a,t 
i pkta(1 — qt)q aa 


Tnmq(X = > pasl qx 


Lemma 4.9. For any m,n € N,x € [0,1] and q € [1/2, 1] if 


oer at)g P(x —1)Mdgt 
fare —at)n Pact 


(cae = ¥ pasl q;x 
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Then for m = 2, the following recurrence formula holds 


Intm+a+pB 12g ol Eat go) 
= (—x(1 —x)Dy eae) oF Tae (x) (Pim (x) +x(1 ~~ q) [n +O + B\q{m + ig ") 
= +T 5 m—1,q(*)P2m (x) + ae (x) P3,m(x)(1—@), 
where the polynomials p;m(x),i = 1,2,3 are uniformly bounded with regard to n 
and q. 


Lemma 4.10. For any m € N,x € [0,1] and q € [1/2, 1], the expansion of (x —t)” 
on the Newton basis at the points x/q',i =0,1,2,....m—1 is 


m 


(x—1t)" = Yo dng (1-9) *“(x—2)f, (4.36) 
k=1 


where the coefficient dy, verify |din,e| < dm,k = 1,2,...,m and dm does not depend 
on x,t, q. 


Remark 4.9. From Lemmas 4.9 and 4.10, we have for any m there exists a constant 
Km > 0 independent of n and gq, such that 


mn ; if m is even 
sup |Tnm.q(x)| < "Kn iP acjeodd 
x€(0,1] (m+1)/2> umiso : 


[nl 


Remark 4.10. The sequence (q,,) has the property S if and only if there exists n ¢ N 
and c > 0 such that for any n > N,1—qn< c/n. 


4.6.2 Convergence 


Theorem 4.17. If f is continuous at the point x € (0,1), then 
: 0B ( ¢.y) — 
lim £22 (fix) =f) 


in the following cases: 


1. If f is bounded on [0,1] and the sequence (qn) is such that limps. qn = | 

2. If there exist real numbers a’, B' > 0 and a real k' > 0 such that, for any x € 
(0,1), |x (1 —x)P' f(x)| < Ka! < @+1,B’ < B +1 and the sequence (qn) owns 
the property S 
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Theorem 4.18. Jf the function f admits a second derivative at the point x € [0,1], 
then as in cases I and 2 of Theorem 4.17, we have 


Ot! —x)Bt+1 ty 
lim [ri] q_ LP (fx) — F0)] = © Gea Pa) 


4.37 
n—s00 dx x%(1 — x)B ( ) 


Proof. By Taylor’s formula, we have 


ug? 
fe) =10) + 2940) + GF prey + Petra), 


where lim,_,9 €(u) = 0. Thus 


f"(x) 
2! 


Vag (f3x) — f(x) = =f Olin (aye Th2,4n (x) + Rn(x), 


where R(x) = jee ((t —x)*e(t —x);x). Using lim,_,) [a]q = for any a € R. Using 
Lemmas 4.9 and 4.10, we have limp, 20 [")gnTn,1,qn(%) = (@ +B +2)x—a—1 and 
Lim jy), 920 4] gn Tn 2,gn (X) = 2x(1 —x). The result follows immediately if we show that 
lim jy), 920 4] gn n(x) = 0. Proceeding along the same manner as in Theorem 4.17. 
For any 7 > 0 we can find a 6 > 0 such that for n large enough e(t — x) < 7 if 
B+1 

Ix—gn' t|<6. 

We obtain the inequality | (t —x)?e(t—x)| < n(x—t)? + (prt+|F(t)|)h.3(q7 P42) 
for any ¢ € (0,1) where p,. is independent of t and 6. We deduce 


[MJ an|Rn(x)| < { [lan (1 Tn.2.4n(*) + (Px +k) Tn.d.gn(*)/5*) , in case 1 
eS "Ulan (11T 2,40 (2) + Px Tn4,an(*)/5") +R nEn (x,6), in case | 


The right hand side tends to 27x(1 —x) when n (hence [n],,,) tends to infinity is as 
small as wanted. a 


Chapter 5 
g-Summation-Integral Operators 


5.1 q-Baskakov—Durrmeyer Operators 


Aral and Gupta [32], proposed a qg-analogue of the Baskakov operators and 
investigated its approximation properties. In continuation of their work they in- 
troduced Durrmeyer-type modification of g-Baskakov operators. These operators, 
opposed to Bernstein—Durrmeyer operators, are defined to approximate a function 
f on [0, cc). The Durrmeyer-type modification of the g-Bernstein operators was 
first introduced in [48]. Some results on the approximation of functions by the q- 
Bernstein—Durrmeyer operators were recently studied in [94]. In [62], some direct 
local and global approximation theorems were given for the g-Bernstein—Durrmeyer 
operators. We may also mention that some article related to Baskakov—Durrmeyer 
operators and different generalizations of them given in [61, 83, 153]. 


The main motivation of this section is to present a local approximation theorem 
and a rate of convergence of these new operators as well as their weighted 
approximation properties. The resulting approximation processes turn out to have 
an order of approximation at least as good as the classical Baskakov—Durrmeyer 
operators in certain subspace of continuous functions. 


Recently, in [32], we introduced the following g-generalization of the classical 
Baskakov operators. For f € C[0,°°), g > 0 and each positive integer n, the q- 
Baskakov operators are defined as 


eer a 
= Yee ¢ (aug) (5.1) 


A. Aral et al., Applications of q-Calculus in Operator Theory, 145 
DOI 10.1007/978-1-4614-6946-9_S, © Springer Science+Business Media New York 2013 
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Lemma 5.1 ((32]). For Bng(t",x), m=0,1,2, one has the following: 


Brg(1,x) =1 

Bu glt,x) = x, 

Brg(t’ x) = ep (141s) 
[n\q q 


5.1.1 Construction of Operators 


For every n € N, q € (0, 1), the positive linear operator D} is defined by 


DAF (t),4) = 7-1] 1, Plats a P(t) f (dat, (5.2) 
where 
q __ n+k—-1 2 xt 
Py (x) ao | k i % (1+ a 


for x € [0, cc) and for every real-valued continuous and bounded function f on 
[0, °c) (see [31]). 

These operators satisfy linearity property. Also it can be observed that in case g = 1 
the above operators reduce to the Baskakov—Durrmeyer operators discussed in [139] 
and [142]. Also see [144] for similar type of operators. 


Lemma 5.2. The following equalities hold: 
G) Dis) = 1. 
wie q a \ 2)q 1 
(ti) Dj (t,x) = (1 ze] x+ qe,’ forn> 2. 


wee) aq (42 y) — Bl, , lg W2]q3lgtllg \ 2 
(iii) Pn (¢ x) _ (: + @ [n—3], q°|n—2], * ee | o 


lq 
@[n—2]q[n—3],’ 


pata +2)q) [lq 
© P[n—2Zqln—3]q 


x+ jforn> 3. 


Proof. The operators Df are well defined on the function 1, t, 17. Then for every 
n > 3 and x € [0, ©), we obtain 


co 00/A 
DF (1,x) = [n— i; by Pie (x) 0 Pia (t) dgt 
k=1 


n+k—-1] #2 fr/A tk 
q* | zE eat: 
0 (1+t) 


= n= 1], ¥ PS, (x) | : 
k=0 


q 


Using (1.15) and (1.17), we can write 
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Dy (1%) 


— +k—-1] 2B,(k+1,n—-1) 
-1 a Mt a et 
‘ Piet) | k | T° UK(GED 
= q 
= e [ntk—1)!  (k,![n—2],! 
n—1), >) Pay (aa? In— 1] 1 : as 
k=0 aq" [n+k—I)]!q 2 
s qi 
n—1 Po) - 
ade nk [n— 1], 
= | qe a 
k=0 k q tay 
= BY (1,x) =1, 


where 37 (f,.x) is the g-Baskakov operator defined by (5.1). 


Similarly 


Di (t,x) 


Using the equality [k + 1], = [k], + gk 


Di (t,x) = 


os oo /A 
n—1), Pw) Pt (t) tdgt 
k=0 
= teat) epee go 
n—1 > Pac)” | qz n 
oy . k ; 0 (1 +1)"4 
e +k—-1] 2 By(k+2,n—2) 
pay Pe li | qr 
> of k P K (A,k +2) 
= [nt+k—-1] 2@-x2lkt+l], + 
by k cs 2 n+k 
k=0 q [n— Lo ( +x)q 
x es ‘ gr pg [K|, xt 
k=0 k q In— 2], (1 +x)rrk 
k—-1] #1) a 
+3 re | q 2 qi ktlg? q — 
ph], < ns ‘ te eet Hg xt 
q|n— 2\, k—0 k q n\, (1 sane 
1 = ea Ket) xk 
qe, Hl & 7° Gam 
le pg (t,x) + BA (1.2) 
q|n—2], [n— 2], 
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From Lemma 5.1, we can write 


Di (t,x) = 


Finally 


i) 


aya 
DA (t*,x) = |n- 1], » Pax « [ Phe (t) dat 


k=0 
- +k-1] #2 pr/A te? 
=([n-1 e (x) |” | qf —____dt 
2 ® kJ, Jo (teeth 


~ +k-1] €B,(k+3,n—3) 
= |n-1 @ . je: aan i eter 
rth 2a Paw) | k Ja K(A,k+3) 


= k+2], [k+l], 


x ge ei ae 
Oa" p=], fn], 


ll 
M 
v 
=3 
aa 


Using [k +2], = [+a [2] and [k+ 1], = [+e we have 


D4 (12x) — yy eq ' xk ask 3 (ld, +4 21, (1, +4") 
n ( a) ~ k=0 k q (1 +x) [n— 2\, [n— 3), 
_ — |n+k—1 xt R—5k_3 [ke 
7 | k | (anne [n— 2], [n — 3], 


bara F jepes (14PL) 
k g (l+x)n%* [n— 2], [n—3], 


we [atk Pay 2], 
>| k resus [n— 2], [2-3], 


Again using (5.1) and Lemma 5.1, we have 


5.1 q-Baskakov—Durrmeyer Operators 149 


q*[2| 
‘WI, 3, 
__alelg+ tla oo lg +g + lalla lq 
Pla da—3q  Pin—Agln—3]g "Flv — 2], [n—3], 


Since [n], = [3], + 9° [n—3]q and [n], = [2]q +9°[n —2]q, we have the desired 
result. a 


Remark 5.1. If we put g = 1, we get the moments of Baskakov—Durrmeyer 
operators as 


142 
D\(t—x,x) = al ise 
n—2 
1 
Rega as 
n—2 


and 
2[(n + 3)x? + (n+3)x+ 1] 
(n —2)(n—3) : 


(n? +n)x? +4nx+2 
n 
(n—2)(n—3) ” 
Lemma 5.3. Let n > 3 be a given number. For every q € (0,1) we have 


15 1 
Di ((¢—-2),x) < @(n—2\, (oo el al 


where p(x) = x(1+x),x € [0,-). 


Dy ((t—x)”,x) = n>3 


Di(@?,x) = >3 


Proof. By Lemma 5.2, we have 


as By By, ally +h, \ » 
(ea [pEs wen tee) 
ile tal+ lying 2+) ly 
+( om 2yn— 3], em) + PJ, n—3), 


_ (¢ 3], f—2),-9* In— 3], 21,+4 121, 314+ rh) 2 
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= x(1+x) F (lq le 214-9 3], [21g +9 2lq lg + Ply 
q°|n— 2], |n—3], 


¢ (n— 3), (2), -4 [21,13], — ll, \ , (21, 
g° |n— 2], [n— 3] | 


q 


By direct computation, for n > 3, we have 
¢ Bl, ln—2]-4* n- 3], 2], +4 [2], [3], + lal, 


_ n—3),(P+q'+a°— (qt+q°) +1) +g" +g" 4 q"? 


)\(l+q+@)+q" a igh dagie 
lg (+1) +q"+q"*! +4"? + (G+9°) (1+9+q*) +q" 3+q" 7 +4"! 50 


for every q € (0,1). Furthermore 
q{n|q+ gq (1+ [2]q) [lq — 2¢°|[n— 3\q 


=q(1+2q+q’) (1+qt...t+q"!)-2¢ (l+q+...+q"4) 
=q(1+q’) (Itq+...+q""') +2 [(@?+a?+...+¢"*) = (a-+4°+...+¢"")] 


=(qt+q) (l+qt...¢q"')4+2[7 +9 +q] 


and 
[a+4?(1+12Jq)] brlg—24°[n—3]q— [a? By -2q -44 [n—3]q (Aq +4 ly By + Fa] 


= (q+q°) (nl, +2 [q° +9? +4"] - (q+4° +4") (nl, —(1+4)) 
+ (4+4") (trl, (1+4+4’)) q(1+q) (I+9+q°) —[n], 


= (q-1)[n],+q°-4<0 


for every g € (0,1). 
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Thus we have 


D4 ((0—x)2,x) <x(1+4) (“ (3), (2-2), —4* 3], [2], + 4121, (31, + *.) 


g° |n— 2], |n— 3}, 
By 
: g [n _ 2\4 [n Sle 
15 |n—3), ; 2 
< #p-,h-3,° © * Pp 7a, 
15 : 
Fn—4, (° sean x) 
for every g € (0,1) and x € [0, ©). Thus the result holds. | 


5.1.2 Local Approximation 


In this section we establish direct and local approximation theorems in connection 
with the operators Dj. Let Cg[0,00) be the space of all real-valued continuous and 
bounded functions f on [0,°¢) endowed with the norm ||f|| = sup{|f(x)| : x € 
[0,cc)}. Further let us consider the following K-functional: 


Ka(f,8) = int, { l¥—sil +8 le"|| }, 


where 6 > 0 and W? = {g € Cgl0,~) : g',g” © Cpl0,--)}. By [50, p. 177, 
Theorem 2.4] there exists an absolute constant C > 0 such that 


Kx(f,6) < Ca (7,v8). (5.3) 
where 


o(f,V8) = sup sup |f(x+2h)—2f(x+h)4+f(x)| 


O<n< V6 x (0,2) 
is the second-order modulus of smoothness of f € Cg[0,0c). By 


o(f,6) = sup sup |f(x+h)— f()| 


0<h<6 x€[0,e°) 


we denote the usual modulus of continuity of f € Cg[0,c°). In what follows we shall 


BI 
use the notations p(x) = \/x(1 +x) and 6?(x) = @?(x) + =) , where x € [0,) 
q 
andn > 4, 
Our first result is a direct local approximation theorem for the operators Dj. 
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Theorem 5.1. Let q € (0,1) andn > 4. We have 
bn (x) *laxtq_! 
ID4(f,x) — f@)| < Con ( f, | po ( pes) 
‘i 7 [n— 2]q [n— 2\q 
for every x € [0,ce) and f € Cg[0,°°), where C is a positive constant. 


Proof. Let us introduce the auxiliary operators Dp defined by 


+219) pt go! 
és = a ) +200, (5.4) 


Dia) =A s(x 


x € [0,cc). The operators iE are linear and preserve the linear functions: 
Di (t—x,x) =0 (5.5) 


(see Lemma 5.2). 
Let g € W*. From Taylor’s expansion 


and (5.5), we get 


Dues) = a(x) +D4([' ¢—w) 8") aux). 


Hence, by (5.4) one has 
[Di(g.x) — (x)| < 


xt pail aa -219 -1 
2lq gue [ lax+q =4 g" (u) du 
x [n—2]q 


D4 (f (t—u) g” (u) au) + 
onc See 2 xtg7! 
< Df ( [ |t—u| |e" (w)| du a) i Net Is" (u)|du 
3 2 -1\ 2 
< oa(e—ay) + (HB) | le"Ih 6.6) 
qd 


Using Lemma 5.3 and n > 4, we obtain 


=) 2 -1\ 2 
D4 ((t—x)°,x) + (cas | < 
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Since 
q*|gx+q7' ° 5,7 (x) 
[n —2]q teat | 
— (+9) +2qg(1t+q)xt+¢ [n—3], 
7 q'|n—2)3 ‘[n—3]gx(x+1)+1 
2 [n—3), 4x7 +4x4+1 
~ qt[n—2q [n—2]q [n S| e+ 1) 
we have 


Then, by (5.6), we get 


TY 15 Us 
[Di(g.x) —g(x)| < =F @)|le"I (5.7) 
g°|n 2\q 


On the other hand, by (5.4) and (5.2) and Lemma 5.2, we have 
Di(Aal < (DAF) +2 [fll <FIDIG.2) +2 fll < 3lfll. 6.8) 
Now (5.4), (5.7), and (5.8) imply 


[D4(F.x) —f@)| < IDi(f — 8.x) — (f-8)@)| 


29] 4 gol 
+ [Di(e,x)— eH ls («! Plax +4 ) F(x) 


[n — 2]q 
<4 If — a+ apa SUI 
ae [2]ax+4 : i 
7 r( [n—2]q ) fe) 


Hence taking infimum on the right-hand side over all g € W7, we get 


IDn(f,x) — f(a) < 


< 15K) (v. apna) +o (x hn) 
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In view of (5.3), for every g € (0,1) we get 


sts 5 = @ (Alera) | 
VW ANG 


This completes the proof of the theorem. 


5.1.3 Rate of Convergence 


Let B,2 [0, o) be the set of all functions f defined on [0, o) satisfying the condition 

| f (x)| < My (1 +27), where My is a constant depending only on f. By Cy (0, ~), 

we denote the subspace of all continuous functions belonging to B,2 [0, o-). Also, 

let C*, [0, ce) be the subspace of all functions f € C,2 [0, °°), for which lim LO) is 
x 3 xco LX 


1+. 
Lf) 
1422 ° 


finite. The norm on C% [0, ©) is || f||,2 = SUPxe[o, ~) For any positive a, by 


@a(f,6)= sup sup |f(t)— f(x)| 


|t—x|<6 x,tE[0, a] 


we denote the usual modulus of continuity of f on the closed interval [0, a]. We 
know that for a function f € C,2 [0, o), the modulus of continuity @, (f, 6) tends 
to zero. 

Now we give a rate of convergence theorem for the operator Dj. 


Theorem 5.2. Let f € C,2 [0, °°), ¢ =n € (0, 1) such that gn > 1 as n> & and 
@a+i(f, 5) be its modulus of continuity on the finite interval [0, a+ 1] Cc [0, ©), 
where a > 0. Then for every n > 3, 


q K K 
IPE A) ~Slloa.a1< GaGa, + 2MeH (: ae] : 


where K = 90M; (1 +a’) (1 +ata’). 


Proof. For x € [0, a] andt > a+1, since t—x > 1, we have 
LF (0) —F()| S My (242? +77) 
< My (2+3x7+2(¢-2)") 
< 6M; (1+) (t—x)’. (5.9) 
For x € [0, a] andt < a+1, we have 


|t— >| 


FF) <a (lea) < (14S) ami (F 6) 610) 


with 6 > 0. 
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From (5.9) and (5.10) we can write 


IF) F0)] SOM, (1462) (3)? + (14) ai (f 8) GD 


for x € [0, a] andt > 0. Thus 
PIG -F@ls Pe =f @ i) 
< 6M; (1+a”) Df ((r—x)*,x) 
+@a+1(f, 8) (1 4 5Ph ((¢-2)?,x) *) 


Hence, by Schwarz’s inequality and Lemma 5.3, for every g € (0,1) and x € (0, a] 


D2 F.x)-F RS q9{n — 2g (+>) 


+@g+1(f, 5) (say (r+ =) 


2 pif 8) | ee = 
Seq at 1 <4/ 67a, |: 
P35), 5\ Pin—3], 
By taking 6 = 7 = 3,7 We get the assertion of our theorem. a 
q 


Corollary 5.1. [f f € Lipya on [0, a+1], then for n > 3 


K 


a ea 


IDi A) — fille, q < +2) 


Proof. For a sufficiently large n, 


a K 
qf |n—3],~ \ a [n—3],’ 


because of limy_,.. [n — 3\4 = oo, Hence, by f € Lipya, we obtain the assertion of 
the corollary. | 


5.1.4 Weighted Approximation 


Now we shall discuss the weighted approximation theorem, where the approxima- 
tion formula holds true on the interval [0, ). 
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Theorem 5.3. Let g = qn satisfies 0 < qn < 1 and let qn 4 1 asn— %, For each 
f € C%, [0, <9), we have 

lim |[Df" (f) — lla =0. 


Proof. Using the theorem in [65] we see that it is sufficient to verify the following 
three conditions 


lim |[D# (*”,x) —2”||,2 =0, v =0,1,2. (5.12) 


Since Dé" (1,x) = 1, the first condition of (5.12) is fulfilled for v = 0. 
By Lemma 5.2 we have for n > 2 


Dil" (t,x) —x 
[D%(,x)—al|2 = sup PE CA)—2| 
x€[0, ©) 1+x 
2) on x 1 


< sup + 
G a= lon x€[0, ©) 1+3? © dn ae hon 


ln I 
~ Galn—2I,,  an[n—2q, 


9 


and the second condition of (5.12) holds for v = 1 as n > ©. 
Similarly we can write for n > 3 


<( Blan " 21g, nla, is] am 


Da r, —x? T _ 74 
lP* (P+). < apa, tap, a [P—7q, [—3]q, ) xefo, =) 
ing, +4n (1+ Pa, ) Fle, P 0] 
+ 5 sup x 
qn [n—2],, [n—3]q, x€[0, °°) I+x° dn [n—2],, [n—3],, 
< [3]o, lo, dn lo, la, 3 (nq, 
— a [n—3],, Gi [n—2],, 4 [n—2],, Plz 
[r]g, + an (1+ (2g, ) fl, Plo, 
@in—2),,"—3]o, all, n"—3l,, ’ 


which implies that 
1 in 2 2 = 
lim |[Din (x) —x"|| 2 = 0. 
Thus the proof is completed. | 


We give the following theorem to approximate all functions in C,2 [0, c¢). This 
type of results are given in [71] for locally integrable functions. 
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Theorem 5.4. Let g = qn satisfies 0 < qn < 1 and let qn + 1 as n— %, For each 
f € CQ [0, -) and a > 0, we have 


|Di” (fx) — f O)| 
im sup 


=0. 
n> xe(0,00) — (1-+.x2)'7% 


Proof. For any fixed xg > 0, 
De (r)-F0) PED -FOL, DE AF) 
Pp + sup 


sup Ss 
#ej0,< (1x2)? xxxy  (1+2x2)1*% xm (1 +.x2)'t% 
Din lpr x 
SDE) — Fillo, xo) + lf lla op 
X7X0 
f(x 
ap ae 
x>x9 (1 +x ) 


The first term of the above inequality tends to zero from Theorem 5.2. By Lemma 5.2 
-~ : [Di (1+1?,x)| 
for any fixed xo > 0, it is easily seen that sup (aye tends to zero as n + ©, 
xX>XxQ +x 
We can choose x9 > 0 so large that the last part of above inequality can be made 
small enough. 


Thus the proof is completed. | 


5.1.5 Recurrence Relation and Asymptotic Formula 


The g-Baskakov—Durrmeyer operators D4 (f,x) can be defined in alternate form as 
co 00 /A i 
DAF) x)= ND Pha) [rhe OF Ode — 6.13) 
k=0 


where 


; k-1] Bx xf 
oe, | ne 
qd 


1+x), 


for x € [0, cc) and for every real-valued continuous and bounded function f on 
[0, °c) (see [88]). Also 


(1+x)(1+qx)...(1+q"'x), 
1 


n=1,2,... 
’ n=0. 


(143) = (cada = { 
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Lemma 5.4. /f we define the central moments as 
yy! Bie Sa 
m 
Tam(t) = D4 ((0—2)9,x) = bn— Mle Phe) [ath —a) fe, 
k=0 


then 


Tn,0 (x) _ 1, Tn,1 (x) = = a = 2)’ 


and forn > m+ 2, we have the following recurrence relation: 


((nly— f+ 2]q) Tams (as) = ant +) [Dea ml) + mT) 
- ((sla"s+ g= x) [m+ 1]gTnm(qx) 


+|led"s( Bled" 4—x) — la"? as] inl oTan sa) 


‘ lars Raq” ((sla"s-+ q- *) — Blea x? — ax} 


seme Pa [3] gq”"x — ats} [m— 1gTnm—2 (4x) 


rele: gt") [n\qTnm(4x) + qx(1— gq” ')[|qTn (4x) 
—gx (1—q™")(1— 9") [1] gTnm—1 (92), 
and we consider Ty, ye(x) = 0. 


Proof. Using the identity 


lk] 
gh" (nq 


and q-derivatives of product rule, we have 


a(1+2)D,,0)1= ( Z ws) ing! (a2) 


co 00/A 
gx(1+x)Dq|Tnm(x)] = [n—1]q >: gx(1+x)Dg Pf. f g' pt, (t)(t—x)a'dgt 
k=0 


eo 00 /A 
— [mJq|n—1]q Lala) Pe (qx) [ dvi, (t) (t—gx)i "dat. 
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Thus 


E := qx(1+x) [D, [Trym (x)] + nl Tama) 


: k =/A 
= (nso thy > vals) (sere as) [abalone aii 


~ aa k [klq jl m Ln q m 
yy q F F t+t—q"x—qut+q"x | py y(t) (t—x)¢ dat 


= [n— la Pa(@) [ode F (1 + “| Dy ote (<)| (t—x)'dgt 


oo /A 
male Harta! —1) ¥ plan) [at raal ene 
co oo/A 
= (w= 11,5 phalas) [aha [ofa (£) | ange 
+ palate — yD Ph alax) [ak pt g(e)(e ayy tdyt 
k=0 0 


00 /A 
nln tasta" —1)¥ phalan) [ak rhalOle det 


Using the identities 


160 5 q-Summation-Integral Operators 


we obtain the following identity after simple computation: 


(qr Pe 9p = (ar Pyle —te— ayy = [P+ =a] ayy 
= (ang? + (Bateba—x) ang 
+|led{ Bld" a—x} — Blan —ax)] (—a0)p 
eler{ er tie+4~*)~ eee 


seme pa [3]qq""x— 4 +a} (t— Gx) oi 


Using the above identity and q-integral by parts 


we have 


Bo ([sl.g"+4—x)[o+ tl Tnm(Qx) 


| ele ( led" +4) — Bled?" — ar Tam a0 


_ lars ea" + q- *) — Slgqr tae a wx} 
sgl ga B,q"x— ats} Cee 
— 9 ae m+ 
+(algn— Mg hala) [ath (Ne —2)g de 
k=0 


oo/A 
trale— Maar) pala) [at nfalOle —2i det 
Finally using 


(—x)Rt! = (¢—x)(t—qx)f = (t— ax) —x(l-—g)0- gut 
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and 


(t—x)q = (t—2)(t— ax)! = (tax) —x(1— 9") axg |, 


we get 
E =—[m+ 2]¢fimii(@x) — (isi.a"s +q- *) [m + 1]gTn (qx) 


= elas ((sl0"s +q- x) — Blatt? — us [11] qT, m—1 (4x) 
- lars asl + q- *) = (Blagg? lx — wx} 


ST eae {es — [3]qq"x—4 +x} [m — 1]qTn,m-2(4X) 


+[n\qTnm+1 (qx) —x(1 _ gq” *")[n] Tam (qx) 
—qx(1—q""")[ngTnm(Qx) + 9° (1 9" )(1 =") [| gTnsm—1 (9%). 


Thus, we have 
($y — (+2) Tama as) = axl +3) [DeTan(s) + ilaTam 14) 
+ ((slsa"s+ q- x) [m+ 1]gTn (qx) 


+|[2lgq"x( Blg"x+4q—x} — [3]qq°"'x? — ax| [11] qTnm—1 (4X) 
[h"s(Ba+2—x) | 


ie lars aa" ( [Ble + is *) = Blais ax} 


smd [3]qq"x— 4 +} [m — 1]gTnm—2(qx) 


+x(1 = gor 


\nlqTnm (qx) +qx(1 — "me Oa (qx) 
—9qx’(1—q""")(1—9")[)qTnm—1 (4): 


This completes the proof of recurrence relation. 
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Theorem 5.5 ([88]). Let f € C[0,cc) be a bounded function and (qn) denote a 
sequence such that 0 < qy < 1 and qn, — 1 as n — ©, Then we have for a point 
x € (0, ~) 


lim {n,, (Df (fx) — f (&)) = (2x-+1) lim Dg, f (x) +x(1 +x) lim D?, f (x). 


n—-eo 


Proof. By q-Taylor formula [49] for f we have 


f(t) =f (x) + Daf (x) (t— I+ ppParleye —x)5+@, (x; 1) (t—x); 


for 0 < g < 1 where 


©, (31) = my , Hae? (5.14) 


We know that for n large enough 
lim®,, (x;t) =0. (5.15) 
That is, for any € > 0, A > 0, there exists a 6 > 0 such that 
|®,,, (x:t)| <€ (5.16) 


for |t —x| < 6 and n sufficiently large. Using (5.14) we can write 


; XxX 
Di" (£54) — FX) = DanF (%) Tn.) + Panf () 
2a, 


Tyo(x) +B? (x), 
where 
q . q ue kg 2 
x) = [n— 1], ¥ pty (2) 7 gp! (1) ®4 (x3 1) (tx) Rat 
k=0 


We can easily see that 


lim [n}q,,Tn,1 (¥) = 2x+1 and dim [n]q, Th2 (x) = 2x(1+x). 


n> 


In order to complete the proof of the theorem, it is sufficient to show that 


lin + |n\q, E}" (x) = 0. We proceed as follows: 
Let 
dn Gn ay Gn 
Ri) = lal, | Vay Pa InP (t) Dg, (%5 1) (tx) 4, Xe (t) dt 
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and 

dn dn ae k gn : 

Rio (*) = [la Ty Piel Pa, (t) Ba, (25 1) (t—x)g,, (1 ax (t)) dy 
so that 


Ln Ein” (2) = Rs (x) + Rp (X) 


where 7, (t) is the characteristic function of the interval {t : |t —x| < 6}. 
It follows from (5.14) 


i (x) <é2x(x4+1) asn—o, 


If |t —x| > 6, then |®,,, (x; t)|< < x (t — x)’, where M > 0 is a constant. Since 


(t—x) = (t—¢’x+q’x x) (t-q x+q°x x) 
— (t—q x) (t—q x) + (9 —1) (t—¢ x) +x(q —1) (t—q x) 
te (g 1) (¢-4@’) + (1) (@-1), 
we have 


o0/A 
M20 < Sally, MH, Pa 0) fc 0, det 


M g q 
t53* (Gal) + (Gr-1)|) Pla, TO of" InPrik (8) (ta), dat 
Ms q q 
+o vie Cre 1)" [n li [n—1] le > Pag o [" anPay (t x), 4. 
and 
dn M aap 722. 2 
RM, (x)| SF { lg, Taa (4) +4 (2—gh a8) bray Tao (2) +27 (@R-1)” [alg Tra. (*) } 


Using Lemma 5.4, we have 


C, C, 
Th (x) < a, Th3 (x) < —— and T,4 (x) < 


We have the desired result. a 
Corollary 5.2. Let f € C[0,°¢) be a bounded function and (qn) denote a sequence 
such that 0 < qn < 1 and qn — 1 as n — ©. Suppose that the first and second 
derivatives f' (x) and f" (x) exist at a point x € (0, ©), we have 


lim [7], (D" (f,x) — f (x)) =F (x) (2x41) +x(1 +2) f" (2). 


n—-oo 
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5.2 q-Szasz-Beta Operators 


Very recently Radu [136] established the approximation properties of certain 
q-operators. She also proposed the g-analogue of well-known S$zasz—Mirakian oper- 
ators, different from [29]. After the Durrmeyer variants of well-known exponential- 
type operators, namely, Bernstein, Baskakov, and Szasz—Mirakian operators, several 
researchers proposed the hybrid operators. In this direction Gupta and Noor [90] 
introduced certain Szdsz-beta operators, which reproduce constant as well as 
linear functions. In approximation theory because of this property, the convergence 
becomes faster. Very recently Song et al. [143] observed that signals are often of 
random characters and random signals play an important role in signal processing, 
especially in the study of sampling results. For this purpose, one usually uses 
stochastic processes which are stationary in the wide sense as a model [141]. 
A wide-sense stationary process is only a kind of second-order moment processes. 
They obtained a Korovkin-type approximation theorem and mentioned the operators 
such as Bernstein, Baskakov, and Szasz operators and their Kantorovich variants 
as applications. Here we extend the study and consider more complex operators 
by dealing with the g-summation-integral operators. In the present study, as an 
application of g-beta functions [49], we introduce the g- analogue of the Szasz- 
beta operators and obtain its moments up to second order to study their convergence 
behaviors. 
Radu [136] proposed g-generalization of the Szasz operators as 


k 
Sie) => ag OF (aA) ; (5.17) 


where 


Lemma 5.5 ([136]). We have the following: 


Sng (1,x) = 1. 
Sng (t,x) =x. 
Sig a) = xe + a 


5.2.1 Construction of Operators 


For every n € N, q € (0, 1), the linear positive operators D# are defined by 
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 3k2-3k 0/ 
DELO) .2) = Da Este) [phe Fat) dat +Ea (logs) £(0) 6.18) 


1 tk! 
n+k+1 
n+1,k) (1+1)) 


Pax (t) = By | 


and 


k 
nk (x) = Sie Ey (—Inlea's) 


for x € [0, cc) and for every real-valued continuous and bounded function f on 
[0, cc) (see [87]). In case g = 1 the above operators reduce to the Szdsz-beta 
operators discussed in [90] . 


Lemma 5.6 ([87]). The following equalities hold: 
( Peay, 
(ii) Di Ga) =x. 


(iii) DE (P2,x) = Magee 


rae forn>1. 


Proof. For x € [0, e) by (5.18), we have 


= gurt eh jel 
D4 (1.x) = ¥ s%, (x) sal dat + Eq(—[nlqx) 
py EA Bg(n+1,k) Jo (1+n)nterl oe : 


= ; er Bik jk 
= > 57,0) soo! Ganrret at + Ba(lrlex)- 
q 


Using (1.15) and (1.17), we can write 


3k2—3k B, (n+1,h) 
q = qd q q > 
DS (1,x) 2snk (x) By (n+ 1,k) K(A,k) + Eg ( [n] qx) 

— 4 32-3 

= De x) 4 k(k—1) + Ey (—[n]qx) 
k=1 q 

= YF. @) qe} + Eq (—|n]qx) 
k=1 
= ((lgx) ga 

~ 5 st (iy) Sut 


where S;} (f,x) is the g-Szdsz operator defined by (5.17). 
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Similarly 


k=1 
© 3k2—3k wo/A : 
Oran ree 
k=1 nk Bg (n+1,k) 0 (1 +H q 
2 
que" qBy(n.k+1) 


= Da) By(n+1,k) K(A,k+1) 


k=1 
i q 3k2—3k42 [ +k] ! [kK]! [n—1],! 
= De x) 4 k—-1)! A(k+1) 
k=1 [n], [ os iF ‘ — 2 
a [kl q q’- 2k+1 __ Pk _ ¢ = 
_ Diy ne 4 -> x re wm," (x)q = ng(t,x) =x. 
k=0 q 
Finally for n > 1, we have 
1 3k2=3k oF 
DE(P.2) = Dasha) [rhe e Pde 
k=1 
i 3k2—3k 
_Fs q ie gtk+! 
Foes nk B,(n+1,k) Gai q 
2 
=> x) get @By(n-1,k+2) 
7 jk 
mg Bg (n+ 1k) x K(A,k+2)q Hae 
— 49 32—3k [K+ 1g [kg g? 
= She aa —] 243k42 ° 
k=1 [n], |n F rs eas 


Using [k + 1], = [Agta we have 


= + ap (Me +) (ly 
RED Lee pag 


_ 2 1 
ge ea 
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Remark 5.2. Letn > 1 and x € [0,¢), and then for every g € (0,1), we have 
Di((t—x),x) =0 


and 


5.2.2. Direct Theorem 


By Cg[0,c°), we denote the space of real-valued continuous and bounded functions 
f defined on the interval [0, cc). The norm-||.|| on the space Cg[0,°e) is given by 


fll = sup [F()| 
O0<x<0o 
The Peetre K-functional is defined as 


K2(f,8) = inf{||f—gl| + 5]|e"I| :¢ © Wot, 


where W2 = {g € Cp[0,09) : g’, 9” € Cp[0,)}. For f € Cp[0,00) the modulus of 
continuity of second order is defined by 


a(f, V5) = sup sup |f(x+2h)—2f(x+h)4+ f(x). 


0<h< V6 9Sx<% 


By [50], there exists a positive constant C > 0 such that 


Ky(f,8) < Can(f,6!/),5 >0. 


Theorem 5.6. Let f € Cg[0,°°) and 0 < q < 1. Then for all x € [0,°¢) andn > 1, 
there exists an absolute constant C > 0 such that 


2+ lor 
ID4(y,x) — fla)| < Co (1 (FEE) | 
q 


Proof. Let g € W2 and x,t € [0,cc). By Taylor’s expansion, we have 


s(t) = s(x) +8 )(e—x) + [ (e-w)e" wa 


Applying Remark 5.2, we obtain 


Di(g,x) — g(x) = Di ( i ‘¢ bs ie! dus) 
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Obviously, we have | f(t — w)g""(u)du| < (t —x)?||g¢""||. Therefore 


+ lox 


ul ani," sll. 


D4(g,x) —g(x)| < D4((t-2),a)|la"I| == 


Using Lemma 5.6, we have 


2_ 3 


oo/A 
ID(F,x)| < LaF shal ») | Phx (t) If (Qt) |dgt + Eq (—[n]qx) If )| <IIII- 
Thus 


IDi(F,x) — FO)| SIDA — 8.x) — F— 8) )| +1Di(s,x) — 8) 


x + [gx 
ql, 


Finally taking the infimum over all g € W2 and using the inequality K>(f,5) < 
Ca(f,6'/2),5 > 0, we get the required result. This completes the proof of 
Theorem 5.6. a 


<2\|f—gll+ ara 


We consider the following class of functions. 


Let H,2[0, c¢) be the set of all functions f defined on [0, c) satisfying the 
condition | f (x)| < My (1+.x*), where My is a constant depending only on f. 
By C, [0, e), we denote the subspace of all continuous functions belonging to 
Hp [0, -). Also, let C*, [0, 2) be the subspace of all functions f € C,2[0, ~), 


for which lim fo is finite. The norm on C> (0, °) is ||f||,2 = sup,ejo, -») fal 


|x| ree 


We denote the modulus of continuity of f on closed interval [0, a],a > 0 as by 


@a(f,5)= sup sup |f(t)— f()|- 


|t—x|<6 x,te[0, a] 


We observe that for function f € C,2 [0, c¢), the modulus of continuity @, (f, 5) 
tends to zero. 


Theorem 5.7. Let f € C2 [0, -), g € (0,1) and @gii(f, 5) be its modulus of 
continuity on the finite interval (0, a+ 1] C [0, e%), where a > 0. Then for every 


n> 1, 
7 6Mya(1+a?)(2+a) a(2+a) 
IDF A) F\lcpo, a| < qin—1|q +20 (1/242) : 


Proof. For x € (0, a] andt > a+1, since t—x > 1, we have 
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IFO -F@)| < My (24.27 +7) 
<M; (24+3x7+2(¢-2)) 
< 6My (1+) (t—x)’. (5.19) 


For x € [0, a] andt < a+1, we have 


FOF) Sou (lta) s (14S) ami (F 6) 620) 


with 6 > 0. 
From (5.19) and (5.20), we can write 


ied 


IF) F0)| < 6M; (1+) 99+ (14S) oF 8) 6.20 


for x € [0, a] andt > 0. Thus 
IDi (Fx) — FO) S DAF} — F@)I 4) 
< 6M; (1+a*) Df ((t—2)*,x) 


+041 (f, 8) (1 4: 5Ph (Gar) - 


Hence, by using Schwarz inequality and Remark 5.2, for every g € (0,1) and x € 
(0, al, 


My (1442) (2+ a) 


q|n— Iq 
x2 x 
Hath) (+3 eee) 
< SMya(l +a? )(2+a) 1 /a(2+a) 
qin— ily + @a+1 (f, 6) (: + 3 qin— ay . 


By taking 6 = (ae ee, we get the assertion of our theorem. This completes the 


[n 


proof of the theorem. | 


Remark 5.3. It is observed that under the assumptions ae Theorem 5.7, the point- 
wise convergence rate of the operators (5.18) to f is Tae for 0 < qn < land 
nln 


dn — 1 as n— 9. Also this convergence rate can be made better depending on the 


j A 1 
choice of g, and is at least as fast as than Fa 
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5.2.3 Weighted Approximation 


Now, we shall discuss the weighted approximation theorem as follows: 


Theorem 5.8. Let g = qn satisfies 0 < qn < 1 and let qn 1 asn— ©. For each 
fe, (0, 0°), we have 


lim |[D4 (f) — fle = 0. 


Proof. Using Korovkin’s theorem (see [65]), it is sufficient to verify the following 
three conditions: 


lim ||D% (t’,x) —x"||,2 =0, v=0,1,2. (5.22) 
N—yoo 4 


Since Df” (1,x) = 1 and Df” (t,x) =x, (5.22) holds for v = 0 and v = 1. 
Next for n > 1, we have 


[n| a [2] x 
De (4) ||, < | —— — 1] sup + Z sup 
| " ( ) le (ae xe (0, co) le Qn{n— Yan xe (0, oo) I++? 
2 1 2], 
Qn|n— te, Qn|n— es, 
which implies that 
j in 2 2 — 
lim ||Di" (7x) — "|| 2 = 0. 
Thus the proof is completed. | 


Next we give the following theorem to approximate all functions in C,2 [0, ©). 
This type of result is given in [70] for locally integrable functions. 


Theorem 5.9. Let g = qn satisfies 0 < qn < 1 and let qn > 1 as n> ©. For each 
f € CQ [0, e) and a > 0, we have 


fam cup DEF) 
sup 


aii 
n° xe(0,00) — (1+.x2)'*% 


Proof. For any fixed xo > 0, 
[De (f.x) — F(%)| 


|Di" (Fx) — f 0)| [Di (Fx) — f 0] 
u + sup 


sup 


nw 
i= 

uo) 
A 


xe[0,0)  (1+x2)'F* cay (1 +.x2)!* xy (1+-.x2)'*° 
Df" (1+27,x)| 
< IDE) — Flo, + lla sup PEO) 
Di A) — Fllefo, xo] + IF Pra yr 
S(x 
gpa Ol: aL. 
X>XO (1 +x?) 
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Obviously, the first term of the above inequality tends to zero, which is evident 
from Theorem 5.6. By Lemma 5.6 for any fixed x9 > 0, it is easily seen that 


|Da" (1+1?.x) : 
sup ———;,- tends to zero as n —> o. Finally, we can choose xg > 0 so large 
X>X0 (1427) 
that the last part of above inequality can be made small enough. | 


5.3. q-Szasz—Durrmeyer Operators 


In this section we present direct approximation result in weighted function space 
with the help of a weighted Korovkin-type theorem for new g-Szasz—Durrmeyer 
operators (see [33]). Then we give the weighted approximation error of these 
operators in terms of weighted modulus of continuity. Finally, we establish an 
asymptotic formula. 


Recently for 0 < g < 1, Aral [25] (also see [29]) defined the g-Sz4sz—Mirakian 
operators as 


stn) <e, (ing &) ¥ ¢{ Haba) Arle! 
sir) =8(-t5.) SAC) apse 6% 
by 


where 0 < x < a(n), Oq(n) := aan S € C([0,¢) and (by) is a sequence of 
positive numbers such that lim,_,.. b, = ce. Some approximation properties of these 
operators are studied in [29]. 


Based on this, we now propose the g-Szasz—Durrmeyer operators for 0 < g < Las 


gbn 
TT 


BF D= YL) [OF Odr, 624) 


where 


~ Ea ( ms i) . 


q° 


Remark 5.4. Note that the g-Sz4sz—Durrmeyer operators can be rewritten via an 
improper integral by using Definition (1.13). We can easily see that E, (- 4) =0 
for n < 0. Thus for 0 < g < 1 we can write 


24(F 0.2) = 22S 380) [MOF Odet 


172 5 q-Summation-Integral Operators 


By [29], we have 


b 
Sx) =1, Sitay=x SHPx) =a + To 
n 
q 
b bn 
S4(8,2) = gx + (Bly 1) ape + oe, 
q q 


5.3.1 Auxiliary Results 


In the sequel, we shall need the following auxiliary results. 


Lemma 5.7. We have 


b 
Z4(ix)=1, 24 (t,x) = qx + 


[n]q 
b i 
24 (t,x) = gx + («° + 2g" 4 @°) a tq (1+q) (7 : 
q 


3 
24 (Px) = 954 (2) +d (SEP) +h(DS (+E (2 Pl, Bly. 
q 


Ze a) = q''4S4 (ex) + d3 (q)S/ (t°,x) + d4 (q)S} ee) +ds (q) Si (t,x) 
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(a) = [8h (Play?) +4 (2) 8 +0,+72,)] ( 


3 
ds (q) = q' (a [2], (31, + la (421,81, +¢ Bla+e (1,)) (7 


q 


Proof. Using (5.24), we have 


[n| Sel T—qf 
24 (1.x) ==> sf. (0) f " f(t) dot 
nN k=0 
m,) re 
(tle So cy Atle) pa 
= FEY she) at [OT  (— lol x) et 
bn = " qh [k]q! (bn)* 0 1 by 
Using (5.19) and change of variable formula for g-integral with t = ait y, then we 
q 


have 


n= a by iy 
24 (1) = 52 Yoh) ee [yy (ay) cy 
” k=0 q? (nl, |k]q! °° 


From (5.24) and (5.23), it follows that 


[n], — qb 
Z4(1,x) = —£¥ s@, (x) “Tq (k+1) 
ig Wee * 
(inl,x) 
x co n 7 
E,(-trly*) ¥ 
: bn} (= [k]q! (bn)* 
= S4(1,x) =1. 
Also, using a similar technique, from (5.24) with t = Vays we have 
q 
Z4 (tx) = 4D st (0 [ sf, (t)tdgt 
n k=0 
my) pt 
inl, 2 (lela) pe 
_ sf (=p | i ak (- tm i) at 
bn > eG [Klg! (bn) 0 ; bn) 4 
gon © q(T 
— Fn q Ma k+l 
= Sng (X) [ yi" Ey (—4y) day 
in 2a tet oa 
bn as kyl 


= 22> f(x) a (k+2). 
: 
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From (5.24) and (5.23), it follows that 
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21 (t,4) Sky ( "lq i) >» [k 


E ( [n] =p) (Il) (al, +1) 
Sr ay m0 []q! (bn) "In 
= PSE (t,x) + PES8 (1,2) = ext BE. 
[n], [n], 
On the other hand 
([ | " k4+3 
[n| co n k+3 Dn + ig 
Blea) = PE a) a mF (eu) fy 7-day 
q 
k 
lle sayy (lela) aon? 
= > ara a [Kgl (bn) (ini, Ty (k +3) 
(Ings) (on) 
x\ 2 Ug) (bn) [k+l], [k +2] 
=f Eq(—[lyp-) DA i— 
( i) Ss (Kg! (in) (1i,)" 
— a -g)  lte omer) ge 
‘ * bn} & [k]q! (bn) ? 
4 ((1,) 
2 
=F 54 (P72) +@ (42), +47) TSH a) +a" | [2], SH (1,2) 
qd qd 


b 
= gfx? + (4g +24" +4") A xt+@ 
[n]q 


Other moments can be calculated similarly. 


Lemma 5.8. We have the following: 
bn 


one 


1. 24 (t—x,x) = (q@-1)x+4 


2 adi 


2. 2} ((*-»)?,x) = ( 2q?-+4 1) x tq 


(¢° +2q°+q-2) ex 


La (1+4) (#)). 


+ 1) 


3. 2 ((¢-2)',x) =x4 (ie 4q'? + 69° — 4q° 
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( 
( 
qa; (q) (21, +1) or + qa (q) +43 (a)4((21y+ 1) Ing 4 
+ | 9 ( bn bn, \ 2( bn ao 
tds (q)q~— 44? (Pe) —A4d2 (a) —4di (a) fe +6(1 +4) (e) 


5.3.2. Approximation Properties 


Let Bz be the set of all functions f defined on (0, e) satisfying the condition 
If (x)| < Mp (1 +37), where M; is a constant depending only f. C2 denotes the 
subspace of all continuous function in Bz, and Cy denotes the subspace of all 
functions f € Cy for which lim ax exists finitely. 

Xoo 1+) 


Let (a) be a sequence of positive numbers, such that lim a, = ee and 
n—poo 


If | 


sup ¥ 
OSXx< On 1 + x? 


2,[0,an] 


IIf 


for f € By. These type functions are mentioned in [71]. 


Theorem 5.10. Let f € Cy and q = qn satisfies 0 < qn <1 such that qn > 1 as 


n— ce, If limp sco a = 0, we have 
q 


lim 24 (P) ~ flla,o,ay(n] = © 


Proof. On account of Theorem | in [71], it is enough to show the validity of the 
following: 


lim 122" (F°,2) = lo fo,aq,(n] =O ¥ = 001.2. (5.25) 
Since, 2" (1,x) = 1, it obvious that 
i qn = px 
Tim | Z#* (1.3) ~ Ih Joan] =° 
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Using Lemma 5.7, we obtain 


i qn _ = 32 x Qnbn 
HEM Z 62) Ata foci] SOG) | SUP TEE a, 
qnb 
< (1-42) + ec 
n dn 
and 
* dn (42 232 
im 2h (x) —x I>, [0,c4y (n)] 
Zim Px _x 
= lim — sup [ee a) =| 7 ( ) | 
MF << Olgy (n) 14+x 
< (1 _ 4h) sup 2 + (<a + 2gi +43) Pn sup 
7 . OSX< Ogn (n) 1+x? " " . [Man OSx< Orgy (n) 1+x? 
b : 1 
+9; (1+4n) | = sup 
lan O0<x< aq, (n) +x 
b b ° 
< (1-0) ++ (ah-+ 248+ an) + (ee Gi (1+ an): 
qn qn 
Since lim Git = 0 and lim gn = 1, we have lim || ZA" (t,x) — +|l>,f0,c4y a= 0 and 
lim ||Dy” (¢7,x) —x*|| = 0. Hence the conditions of (5.25) are fulfilled and 
n—-oo 2,[0,0%4n (n)| 
we get lim 2a CF) — F lhe foc] = 0 for every f EC. a 


Now, we find the order of approximation of the functions f € C} by the operators 
2}! with the help of following weighted modulus of continuity (see [153]). 
Let 


Qs (f;8) = sup lf a +h) — f (x)| 


5 > foreach f eC. 
0<h<6,xE[0,a(n)) 1+(x+h) 


The weighted modulus of continuity has the following properties which are similar 
to usual first modulus of continuity. 


Lemma 5.9. Let f € C3. Then, we have the following: 


(i) Q2(f;6) is a monotone increasing function of 6. 
(ii) For each f € C5, limg_,9+ Q2 (f;4). 
(iii) For each 4 > 0, Qa (f;A6) < (L4+A)Qz (f;8). 


Now we give the main theorem of this section. 
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Theorem 5.11. Let f € Cy and q = q, satisfies 0 < qn <1 such that qn > 1 as 
n—> ee, If lim a = 0, then there exists a positive constant A such that the inequality 
noo W'lan 


a [2 (fx) F@)| <AQs ( fs4/aq(n) 
een (1 422)3 7 . (7: V al ) 


holds, where ag (n) = max {1 —q, a and A is a positive constant. 
q 


Proof. For t > 0, x € [0,Q%q,(n)| and 6 > 0, using the definition of Q2(f;6) and 
Lemma 5.9 (iii), we get 


|t— >| 


F-F6)1 < (14644 —ap?) (14S) ona) 


|t— x] 


< 2(1+2’) (1+¢-2)) (14 5 ) 22.78), 


Since Z/ is linear and positive, we have 
lZ7 (fx) — f | 
<2(1 +x°) Qs (f;6) 


|t— >| 


x {14 28 x)*,x) + Z4((14 (¢—2)) ; ~}, (5.26) 


To estimate the first term of above inequality, using Lemma 5.7, we have 


zd ((¢-2)?,) = 24 (7.x) — 2x24 (t,x) +2224 (1,x) 


b 
= (4°24? +1)? + (4° +2q' +43 —24) Al x 
q 
4 2 
+9 (1+4)| 
In|, 
2b b ° 
= (4-297 +1)? + Ly (ee 
[n\q In|, 


< A, O (aq (n)) (1 4+x+2’), (5.27) 
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where A; > 0 and ay (n) = max {1—4°, eh. Since lim oF = 0 and limq, = 1, 
n—-oo gn noo 


there exists a positive constant Az such that 
zZ4 (( —xy .x) < Aq (1+22). 


To estimate the second term of (5.26), applying the Cauchy—Schwarz inequality, 
we have 


1 
2\ |t—x 4 2 (t—x) , 
Zi (14-2) > <2(Z4 (14 (x) .x)) Za 32 : 
Using (5.27) and Lemma 5.8, by direct computation we get 


(24 (1 + (¢-x)*,x)) : <A3(1+x+2°) 


and 


a \\i | | 
(2s € = +)) < 0 (a(n)! (L+x+2’)? 


for A3 > O and Aq > 0. If we take 6 = ay (n)2, A =2(1+A)+2A3A4) and combine 
above estimates, we have the inequality of the theorem. a 


Now we give an asymptotic formula with respect to weighted norm. The symbol 
U iC will stand for the space of all twice-differentiable functions on [0,°¢) with 
uniformly continuous and bounded second derivative. 


Theorem 5.12. Let f € uC. 4 = Qp Satisfies 0 < qn < 1 such that q, + 1 asn— 
and lim oF = 0 then 
n 


—peo Jan 


lim a (29 (fx) — F(a) — (xf'+ ‘))k =0 


mF | 


uniformly on |0, Og, (n)]. Particularly 


lim om (24 (f.) —F() - (xf +f) =0 


uniformly on compact subsets of Og, (n). 


Proof. On account of Theorem | in [12], we need the show that: 
b4 [n] in n 2 
1. Timp 500 as ( han 4 (( x) 9) 2x) =i, 


2. Ltn rm Gaye (it x) ,x) 1) =0, fork =0,1. 
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lan dn 2 
4. SUP. (0,0m(q)) SUPn>1 2 = Zi (( x) 9) <_00, 


n 6 2: 
Since limy_5.. an (48 = 29? + 1) Shimiy 54 aa (47a) = 0, we have 


lity ae (Se zi (@ x)? x) -2x) 


2 


x lan (6 2 
— papa bn C 24+ 1) 


x 2 
te ae sp dim, (sn + 2a + an — 2an—2) 
+x 
1 ; Dn 
+—— lim @2 (1+. gn) — =0 
(1 +22) nyo” " an 


uniformly on [0, 0, (n)]. Also, for every x € [0, 0%, (1)] 


xt [n] 
= lim — (q,-1)x+qn—1 
(1x2) By (an— 1+ a 
xP 1-q¢ 
reepmre by rae 


for k = 0,1 uniformly on [0, o%,,(n)]. Since 


n 1—qh ( Go —4an° +698 —4q7 +1 
lim [ lee (az? 4q)? 6q™" qe 1) = lim Qn (2 In dn dn ) =0, 
noo by n—yoo 


1-dn 


n 


we have 
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Finally 


[lan qn 2 
SUP x [0.09(g)) SHPne1 [ = pe Ent (( x) .x) 


= sup sup x 
x€[0,cr,(q)) n> (1 +22)? 


fn (45 2qn+ 1) 


bn 
ar (a+ 20%+43 24n) qn(1 Qn) | 


n 
< sup He (46-242 + 1) 


n>1 n 


b 
+ (Gi-+20n-+ a 2an) +451 + an); | | <0o, 
dn 


= 


and hence the result follows. |_| 


5.4 q-Phillips Operators 


Phillips [135] defined the well-known linear positive operators 


Be kk % k-1,k-1 
. t 
Pr(fix) =n em fem ™ planar +e" £0), 
! n! 


= n! 
k=1 0 


where x € [0,cc). Some approximation properties of these operators were studied 
by Gupta and Srivastava [93] and by May [123]. Bézier variant of these Phillips 
operators was proposed and studied by Gupta [85], where the rate of convergence 
for the Bézier variant of the Phillips operators for bounded variation functions was 
discussed. Very recently, Mahmudov in [119] introduced the following g-Szasz— 
Mirakian operator 


| ~ [k] xe) [n]e x 
Sn.g 2x) = ee a aa q 
men j=0 (1 +(1—a)q! inl, *) 2! (a | . ! 


where x € [0,0), 0<q <1, f € C[0,), and investigated their approximation 
properties. 


Definition 5.1 ({118]). For f ¢ R®), we define the following q-parametric Phillips 
operators 
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e/(1—q) 
Png fsx) nly Da Snalaeax) |” Syxilait)f(Odgt +e (— [nl at) £00) 
(5.28) 
where x € [0,c¢) and S,¢(q;x) = eq(—[n] SY ae 7 
A 

These operators generalize the sequence of classical Phillips operators. 

In this section we present the approximation properties of the g-Phillips operators 
defined by (5.28), establish some local approximation result for continuous func- 
tions in terms of modulus of continuity, and obtain inequalities for the weighted 
approximation error of g-Phillips operators. Furthermore, we study Voronovskaja- 
type asymptotic formula for the g-Phillips operators. 


5.4.1 Moments 


There are two q-analogues of the exponential function e*; see [104]: 


= 1 1 
a@= 2 gi d-a-aee <img kl<) 


k 
E,(z) =|] (i+(1-a)¢/z) = > eg =(1+(1-4)2)7, lal<1, 


j=0 k=0 ] 
(5.29) 
where (1 — x); =TTj~o (1 — qx) 
We set 
kk 
1 Kt) [n]e x 
Snk (Gx) ga a 
Eq ((n1,) qv 
we—1) [n] <x 
= eq (- inl, *) a aI ~ n=1,2,.... (5.30) 
i 


It is clear that s, 4 (q3x) > 0 for all q € (0,1) and x € [0,c¢) and moreover 


Y sua (a2) =¢4(—brlys) Bae ah 
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The two g-gamma functions are defined as 


3 =/A(1-9) 
T, (x)= [ rE, (—qt)dgt, 8 (x) = [ tle, (—gt) det. 
For every A,x > 0 one has 
Ty (x) = K (Asx) % (x) ,0 


where K (A;x) = mA (1+4 ae (1 +A), *. In particular for any positive integer n 


n(n—1) n(n—1) 


K(A;n)=q 2 and Ty(n)=q = Yn); 


see [49]. 
In this section, we will calculate P,,4(t';x) for i = 0, 1,2. By the definition of 
q-gamma function % , we have 


=/(I-4) , ~/(I-4) , wat) [n]f e* 
fo PSnalatdat = fo Heal bola eat 
1 1 key r/(l-9) k-+s 
=—argit yf (lelyt) eal ln by et 
qd q 
1 1 kk-1) i its 
= ——q 2 —u)dgu 
nt Kj!" 0 ( ) Al ) q 
1 1 «& 
Tati? %q(k+s+1) 
nj, q" 
1 1 «-y  [k+s],! 
~ ast - ktstly(k-+s)/2 
n i 7 k i: q' 
1 k+s],! 1 
= i ae K],! g(2k+s)(s+1)/2° 


Lemma 5.10. We have 


Pag(1sx) =1, Pagltix) =x, 


1 
Pygltsx)= Pt En 


¢ 
1 (1 
Prg((t—x)°s2) =(4 ar aa 
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Proof. For f(t) =1, 


ara e/(1—q) 
Pra (lis) = bly Da 'Sralqar) f 


Snk—-1(Gst)dgt + eg (- [nl qx) 
1 


= 
(nl Sa Sualaas) gears + (— lel) 


co 


= YSna(aar) + eq (- in], 4") = VSn4(Qax) = 1. 
k=1 k=0 


= e/(1-q) 
Praltis) = (0) Da 'Spalaeax) [tS paa(aitdde 


k=1 
= [kK] 1 - [k] 1 
= (1 FSi) ae = VS GON 
py ak Va? ge I >» mC] q- nl gk 
ess [kK] 1 1. 
= Si Se =X. 
Pes AC] qx) [n] gk2 qt X=X 
For f(t) = 1? 
24 oo/(1—q) é 
Pra(t sx) =lnly Ha 'Spalqias) [PS nage) 
k=1 
= [A+ Jo (kl, 1 = [K+ 1][k] 1 
= ¥S,4(9:4x) 4 = = YE Sn (Qs 9x) ae 
»y ; (nj; gi » [n]? gl 
(+a), 1 2 me 4 
= ¥ Sn x(qs4x) = VSn4(9:4x) 3 =a 
= [nJ; gti >» ’ [nJ; gti 
k 
. q{kl, 1 
+ LSnx(4 qx) nj, qeetl 
pe [kl]; feet Kl, 1 
== Sh 3qXx 4 + Sn 3 —4t 
os KA q ne ga in] 3 » KW qx) n), ge2 
asa Cn ae ee ee ean —e =e 
g [n], Plage ge cg ale > lng 
1 1 
= Sr + ( ss ae 
q q |n\, 
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Lemma 5.11. For all0 <q <1 the following identity holds: 


1 


Png(t™3x) = 


Proof. We have 


¥ kml) 


Snc(QigX)- 


ied e/(1—q) 
Pralt™a) = [nly La 'Snalaias) [tax ila 


k=1 


_ ta Sak! rome 1 & 
=| ‘et Snag ert pe 11,14 
co [k—1 a .. [A] 1 
->* nly : gli? +2mk-+2k—m) /2 
= (k—14+m),...[K 
= Eoin Ho Bk k=) Sn(G 4) 
Using [k +5], = |s], +7 [k],, we obtain 
m—1 
[Al (K+ 1,---[k+m—1, = [] ((s1,+ K],) 
s=0 


where C; (m) > 0, s=1,2,... 


Png (t™3x) = nn _ re ra 2,6 
qf I 
- aes sama Oo 
1 m F el [kK] 
SS ee C; F TO 
gear Colm ny 3 (0) 


5.4.2 Direct Results 


Let Cg (0, 
on [0,°°), endowed with the norm || /|| = 
X€[0,c0 


defined by 
Ko(f;6) = 


1)(k—2) 


[k—1+m],! 
qlk+m)(k—1+m) /2 


Snk(G qx) 


,m are the constants independent of k. Hence 


nk 459%) 


1 
Ke Roney SBP) 


AY 


1 
amb) snk (954%). a 


gk 


co) be the space of all real-valued continuous and bounded functions f 
sup |f(x)|. The Peetre K-functional is 
) 


inf {If —all +3 le"I}. 
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where C3 [0,0°) := {g € Cp[0,~) : g’,2” € Cp [0,--)}. By [50, Theorem 2.4] there 
exists an absolute constant M > 0 such that 

Kp(f,5) < Man(f:V8), (5.31) 
where 6 > 0 and the second-order modulus of smoothness is defined as 


on(f;V5) = sup sup |f(x+2h)—2f(x+h) + f(x], 
0<h<5x€ 0,00) 


where f € Cg[0,c°) and 6 > 0. Also, we let 


o(f;6)= sup sup |f(x+h)— f(x)|- 


0<h<6 xE[0,°) 


Lemma 5.12. Let f € Cp [0,°°). Then, for all f € C3 [0,-°), we have 


a 
|Prg(fsx) — f(x)| < (- i )x aha I|F"||- (5.32) 


nl, 


Proof. Let x € [0,0) and f € C} (0,0). Using Taylor’s formula 


t 


FO) - Fee) = (OF) + few) f" wu, 


x 


we can write 


t 


Pnug( fsx) — f(x) = Png((t — x) f’ (x)3x) +Pra( {( —u)f" (u)du;x) 


=f" ()Pnal(t=%):2) + Pra [t= wf" wldusx) — [ (ew) fwd 


On the other hand, since 


t 


[-wr" du < fit-ul If" (u)|du< "|| [it -aldus x) LF" 


x 
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we conclude that 


[Png fs) — f(x)| = 


Nv 
& 
ees, 

— 
= 
| 

iS 
= 

oo 
pa 

= 
es 

Q. 

= 

i 
& 


ee ! cs Sil 


Lemma 5.13. For f € C[0,), we have 


l|Prafll <IIFIl- 


Theorem 5.13. Let f € Cg [0,°°). Then, for every x € |[0,°°), there exists a constant 
M > 0 such that 


|Pag( fsx) — F(x) | < Man(fs 5:09), 


ae (<S)s pd. 


q (nl, 


where 


Proof. Now, taking into account boundedness of P;, 4, we get 


| Png (fsx) x Goi\= Peal io oe _ aa 
< [Pra f —83x) )(x )\4 [Png (g;x) — g(x)| 
<.|Pag(f — 93x) + va 8)(x)| + |Pag(gsx) — a(x)| 


= 
caiy-al+{ (2 a )24 i,| Ile"|| 
q 
<2(|f—gl] +5,(x) lle” ||). 


Now, taking infimum on the right-hand side over all g € c [0, cc) and using (5.31), 
we get the following result 


|Png(f3x) — f(x)| < 2K2(f;6n(x)) < 2Man(f; V 6n(x)). a 


Theorem 5.14. Let 0 < a < 1 and E be any subset of the interval |0,°). Then, if 
f € Cp [0,cc) is locally Lip(c), i.e., the condition 


If) -F@)I 


holds, then, for each x € [0,°¢), we have 


% y€E and x € (0,0) (5.33) 
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[Pra( Fx) — f(2)| <L{8? (a) +2(d(x,2))"}, 


where L is a constant depending on a and f ; and d (x,E) is the distance between x 
and E defined as 
d(x,E) =inf{|t—x|:1¢ EF}. 


Proof. Let E denote the closure of E in [0,c°). Then, there exists a point x9 € E- 
such that |x — x9| = d (x, E). Using the triangle inequality 


If (4) - fF) SIF @) — Fo) + IF) — F 0) 


we get, by (5.33) 


|Png( fsx) — F()| S Pag (Lf (v) — f (20)| 5x) + Pag lf 0) — F (x0) 52) 


( 
< L{Png(|t — x0| 3x) + |x—xo|"} 
<L{Pn,g(|t —x|% + |x — x0|% 3x) + |x— x0} 
=L{Png(\t—x|*; x) +2|x—x|"}. 


Using the Holder inequality with p = 2, g = +2,, we find that 
Pral fix) —F00)| <L{ [Pral lt—a1°?:0)]* Pra(tia)}® +2(d (£))°} 
Mf [Pra(l—aPea)] * + 20a i 
(=f) 24 (+4) ]’ 
g q (n\, 


=M {8} (x) +2(d(x,£))*}. = 


We consider the following classes of functions: 


<M 


Cn [0,02) := {ye C0.) Mp > 0 LF) <Mp(L+2") and Wha = 800 am Fe \ 


C,, (0, °9) = {re Cn (0,0) : lim Lf) < =, meN. 


x00 ] + x 


Next, we obtain a direct approximation theorem in Cj [0,°¢) and an estimation in 
terms of the weighted modulus of continuity. It is known that if f is not uniformly 
continuous on the interval [0,°°), then the usual first modulus of continuity @ (f, 6) 
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does not tend to zero, as 6 — 0. For every f € C;, [0,c°) the weighted modulus of 
continuity is defined as follows 


x+h)—f (x 
0n/,8)< up MUHA= FOI) 
x20,0<ns6 1+ (x +h) 
See [112]. 
Lemma 5.14 ([112]). Let f € Cy, (0,00), m EN. Then, we have the following: 


1, Quy, (f, 5) is a monotone increasing function of 6. 
2. limg_,9+ Qm (f,5) = 0. 
3. For any & € [0,°°), Qn (f,a@6) < (1+ @)Qn (f, 5). 


In the next theorem we give an expression of the approximation error with the 
operators S$, by means of Q). 


Theorem 5.15. if f € Cj [0,°°), then the inequality 


Pag (f) — fllp <&(@)21 | fs — ], 


where k is a constant independent of f and n. 


Proof. From the definition of Q; (f,6) and Lemma 5.14, we may write 


|t—-| 


PFO <0+x+ ha) (Asi) avip.a) 


yours) 


< (142040 


Then 
|Pag (fx) — f )| < Pag (If (0) — fF )/5x) < Q1 (F,6) (Pag (1+ 2x+1);2) 
+ Prag («1 +2x+t) i x)) , 


Applying the Cauchy—Schwarz inequality to the second term, we get 


1/2 
= 1/2 —x/? 
Pra (142040 mo ) < (Png ((14+2x+1);x)) (Pas (S )) . 
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Consequently 


|Pn.g (F3%) —F (2)| < Qn (F,5) (Png ((1+24+1) sx) 


2 ef, (Ia? \\ 
+ (Png ((1+2x+1)32) ) (Pea 3 )] 


On the other hand, there is a positive constant K (q) such that 


Png ((1+2x+t) ;x) = 14+3x < 3(1+x), 


1/2 
(Pr (42eHyx))"” 2 ((« 42x 4(1 12x) x+ a+ ( dle) 


q (nl, 
<K(q)(1+x), (5.35) 
and 
P, taal “a = d=9) Bas 14) : Se) oi a 
oe 6 In], — SaV nl, [n], 


Now from (5.34)-(5.36), we have 


2 
[Pua (Fx) — F(%)| S Qi (7,8) (30 9 +Kig ee | 


4 
< (1+x7) Qi (f,5) | 3K1 + K (q) —= ], 
q6,/(n), 
where 
1 m 4 m+1 
K = sup 2 
x0 T+ xm+ 


1 
If we take 6=[n]? 2, then from the above inequality we obtain the desired 
result. a 
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5.4.3 Voronovskaja-Type Theorem 


In this section, we proceed to state and prove a Voronovskaja-type theorem for the 
q-Phillips operators. We first prove the following lemma: 


Lemma 5.15. Let 0 <q < 1. We have 


Png(t?3x) = 3 ns I, Bla 2 i [2] [3] i 


[n],.9° [n]* 4 
, 1, AB,0+e) , 230+), RBI, d+¢) 
Pag (t’3x) = Gax"* + x if Tani it. ; Xx. 
q [n|,4 nl 4 [nl 4 
Proof. Simple calculations show that 
1 9 @ [k4+2], [k4+1], [A] 
Pag(f ix) = 3 Oe 4 3k 4 4S 4(G59X) 
MGW k=0 q 
1 Spt +a e+e (+) 
=— 73 nod : 3 “Sn. G4) 
47° k=0 q 
Tr pele, = (2+) (Kl; 
= 55) De cae Sex) + DY) — Sn (954%) 
MNgWd \Kk=0 k=0 7 
= (+4) 
= k *S,alasas)} 
k=0 86 
Les Te aye, lal, 
=s Sn(Qsqx) + Suk (44%) 
Posi a . ila? Dane a " 


ss 3 re 2 
4y (qa) Snk(Qs4Xx) 4 eauiky ( | Snk(454X) 


[n], q! k—0 In], q 
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+ Sink (Gs gx 
thane 
1 (4 4,3) % , 33), 2taf3a., ¢ (l+q)¢ 
=> —sx+ (2q°+¢°) —+ 9x + 7 | gx + x} + Bs 
q [n]; [n], [n], q [n], [n]; qd 
1 2q+1 1 2+ 2+ 1+ 
4 C4 aris ( D7 OPO yd) 
Qe [n]o qg® |n], q [n] 44 [n]- q* [n]< q3 
_ 13, 429429? +4") 9 | (L+2g +29? +4") | 
q q° (n], @ |n|, 
_— 13, dtqg(+q+q) », d+q)(l+9+¢@) 
6* 6 me 2 
q [1] 44 nga? 
Pn,g(t*sx) 
1S lk+3), [K+ 2], [K+ 11, [Ala 
a Snk(QsqXx 
[n}9 4° =o qi pee 


[n], qd k—0 


2 
i) Sna(Qsqx) 


f— Sik (Gi 4X) 
1 5 2 1 3 
=—, | 4424 3 +37 +9) 44 (374242) TB yA 
q* \ nj In]; q/ (n, 


rea +f) (> + (24? +4) P24 | 
[n|, [n], 


(3+4¢+39+4) f 30, @_\, (L+244274+0) 7 
2 10 ss : a x 
[n)4 [nl 4 
Va, L42gt3¢'4+ B42g+9°)@? 3 
12 [n],97 


i k 4 2 co k 3 
a ‘(aa Sne(qigx) 4 Grate) $ (a 4] Sn (G3 gx) 
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1+3q+39?+ (3-+29¢+49°)(2¢+1)9¢?+ (3+4¢+3¢’+q°)q* » 
. ineq” 7 

14+ (3+2¢+q@)¢+ (3+4q+3q?+9°)q? + (1 +29 + 297+ 9)q? 
7 ink? : 
3 (l+gt+@ tata) 3, dt+a(l+@)dta+@) 2 

q [n],4° [nj q!! 
_Utaylt+e)ltate) 

In]; @° # 


Theorem 5.16. Let q, € (0,1). Then the sequence {Png,(f)} converges to f 
uniformly on |0,A] for each f € C}[0,°) if and only if lim gy = 1. 
n—oco 


Proof. The proof is similar to that of Theorem 2 [86]. a 


Lemma 5.16. Assume that qn € (0,1), dn — 1, and gi > a as n — ©. For every 
x € [0,c°) there hold 


lim an Pistia 3x) = 2(1 — ax” 2x, 


n—0co 
lim [n]7, Pagn ((t—x)* 3x) = 12x? + 24(1 —a)x? + 12(1 —a)*x* 


n—-oo 


Proof. First, we have 


. ee 1 2, (L+4n) 
Tim [7], Pngn ((t— x)” 3x) = lim [n,, (3: 7 i): Gilly, 


1-@")(1 1+4n 
= jim (Lr wWA+4n) 2) U+4n) 
ae th Gh 


=2(1—a)x? +2x. 
In order to calculate the second limit, we need expression for Py. q, ((t — x)'3x): 


Pnygn ((t — x sa) 
= Prag (t*;x) —4AXPn an (7 3x) + 62° Praia (t7;x) _ APP nan (t;x) +x4 
Dg | ly Ble tl qn) 3 2 [2],, (31g, (1+ Qn) [21;,, [3], (1 + 93) 


= "12" 12 2 | 3 
qn [Ml , In 5, 4n [7], 4n 
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2|, (3 2), (3 2 
4x xt | han | le 4 | fn Jin + 6x7 e+ li x 3x* 
In [n qn In [n| Qn q In In Alon 
(1-498+6q!9—3q!2) 4 f [2lgn (3lqn +42) —4 [2lo, lq, Ge t+6an [21,, | 3 
=~ 12, x4 12 x 
dn Gn lq, 


_ (1+29% +394 — 398) (1-98)? (an + Da 


2 
Gn ls, 


7 { eat Oa 4g, —5qn—69n—69n— 24h Pott 


2 
dn’ (nl; 


: (2), (31g, (1 +92) — 44% lo, Bla, \2 zy (215, lq, (1 + 9a) 


2 3 
Gn (la, 1), %n 


Thus 


lim [rn], Praga (tf —x)" 3x) 


~ tim (La { Cah +3an—34n +1) n= 1) Qn +)” 4 
neo (1 — Gn)? dn 


dn—1) (Gn +1) (29) — 4q2 — 593 — 6g4-693 -2q6—2qn + 6g8 +693—1)\ 3 
T 12 a 
Gas Wile 


2 


- ( dn+1) (dn +2Gn + 93+ Gn — 446 +1) eter)» 
an’ [n;, 


tari tne | | 


3 
qn lle, 


= 12(1—a)?x4+24(1 —a)x3 + 122’. 
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Theorem 5.17. Assume that qn € (0,1), dn > 1, and qi — a as n — ©. For any 
f € CG [0,c¢) such that f’, f” € C; (0,0), the following equality holds 


lim [ni], (Prgn F3%) — f(2)) = ((L—a)x? +x) f(x) 


n-oo 


uniformly on any [0,A], A > 0. 


Proof. Let f, f’, f” € C (0,02) and x € [0,°) be fixed. By the Taylor formula we 
may write 


FO) =f) + FE -2) + sf" @)E-2) trex) (t-2), (5.37) 


where r(t;x) is the Peano form of the remainder, r(.;x) € C5 (0,02), and limr(t;x)=0. 
tx 


Applying Prq, to (5.37) we obtain 


a a ye I= six )|[n nq, Pran (( ae x) 
+ an Prin (r (t;x) (t =a)" :x) 


By the Cauchy—Schwarz inequality, we have 


Prdn (rex )(t a2) = Pan (72 (t5x);%) an ( [Pn a (( —x)* a4 (5.38) 


Observe that r? (x;x) = 0 and r? (.;x) € C3 [0, 0). Then it follows from Theorem 5.16 
that 


tim Prgn Gana =P a0 (5.39) 


uniformly with respect to x € [0,A]. Now from (5.38) and (5.39) and Lemma 5.16, 
we get immediately 


lim [n],,, Pram (r (2) (t—x) :x) =0. 


neo 


Then we get the following 


lim [n],,, (Pnan (£5) — F(x) 


Nn—yoo 


= lim (5r'e [1] 4, Pr.dn ((e—x)?sx) + [A] a, Pn.dn (r r(t3x) (-4)%x)) 


n-co 


= ((1—a)x? +x) f(x). a 


Chapter 6 
Statistical Convergence of qg-Operators 


One of the most recently studied subject in approximation theory is the 
approximation of function by linear positive operators using A-statistical conver- 
gence or a matrix summability method. In approximation theory by linear positive 
operators, the statistical convergence has been examined for the first time by Gadjiev 
and Orhan [69]. 

First of all, we recall the concept of statistical convergence. 

Let us recall the concept of statistical convergence. The density of a set K C N is 
defined by 

= fim Daal 
provided the limit exists, where 7x is the characteristic function of K. Clearly, 
the sum of the right-hand side represents the cardinality of the set {k<n:k € K}. 
Following [69], a sequence x = (xz),5, is statistically convergent to a real number 
Lif, for every € > 0, 7 
5({kEN: |x, —L] > €}) =0 


In this case we write st — lim, x, = L. It is known that any convergent sequence 
is statistically convergent, but not conversely. Closely related to this notion is A- 
statistical convergence, where A = (nx) is an infinite summability matrix. For 
a given sequence x = (xx), ,, the A-transform of x denoted by (Ax), n © N is 
defined by 7 


= SY an kXk, n€N, 
provided the series converges for each n. Suppose that A is nonnegative regular 


summability matrix. Then x is A-statistically convergent to the real number L if, for 
every € > 0, one has 
im, »y ank = 


* KEl(e) 


where I(€) = {k EN: |x, —L| > €}. We write st4 — lim, x = L, see, e.g., [64, 69]. 
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6.1 General Class of Positive Linear Operators 


In this section, a general class of positive linear operators of discrete type based 
on q-calculus is presented, and their weighted statistical approximation properties 
are investigated by using a Bohman—Korovkin-type theorem. We also mark out two 
particular cases of this general class of operators. 

This section is based on [136]. 


6.1.1 Notations and Preliminary Results 


We use the following notations: 


n—1 
(a+b)j=[[(a+q'b), neN, abeR, (6.1) 
s=0 
n—1 
(1+a)7 =]. +4¢°a) aeR, (6.2) 
s=0 
1+a)” 
(Ita) = ( M4 a,t ER. (6.3) 


4 (l+¢'a)’ 


Note that the infinite product (6.2) is convergent if g € (0,1). Throughout the 
section we consider g € (0, 1). 
We recall the g-Taylor theorem as it is given in [59, pp. 103]. 


Theorem 6.1. Jf the function f(x) is capable of expansion as a convergent power 
series and q is not a root of unity, then 


f= “pe, 
jo lg! 
where 
n at s — | n KN) nk k 
(«ap = TT e-a'a)= [7] ge ay (6.4) 
s=0 k=0 L¥ Iq 


6.1.2 Construction of the Operators 


Letting R~ = [0,0c) and No = {0} UN, by Cg(R+), we denote the space of all 
continuous real-valued functions on R4+ and bounded on the entire positive axis. 
Baskakov [37] introduced the operators L, : Cg(R+) —> C(J),n EN, 
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k} 


© k 
info) = ¥ So we (*) . (6.5) 


which are generated by a sequence of functions (Pn) n>1 ,Qn : C — C, having the 
following properties: 


(1) @n,n € N are analytic on a domain D containing the disc {z € C: |z—R| < R} 
and J = [0,R]. 

(2) 9, (0) =1,n EN. 

(3) @n,n € N are completely monotone on J, i.e., (—1)*@n(k) > 0 for x EJ,k € 
Non EN. 

(4) There exists a positive integer m(n) such that 


h(x) = ng PA + aun), xe, (nk) ENXN, 


where 0% ,(x) converges to zero uniformly in k and x on J for n tending to 
infinity. 


(5) limp. =1. 


n 

m(n) 

We set €;,e;(x) =x',i>0. 

Let (@n),cn be a sequence of real functions on R; which are continuously 
infinitely qg-differentiable on R satisfying the following conditions: 
(P1) 

on(0)=1, neEN. (6.6) 

(P2) 
(—1*)Df n(x) > 0, n EN, KENo,x > 0. (6.7) 


(P3) For all (x,k) € N x No, there exists a positive integer i,,0 < i, < k, such that 


DE Ox) = (—1)* DE eng Bea): (6.8) 

where 
st— tim Puting(©) =1. (6.9) 

mn [ale @ 


Remark 6.1. Multiplying (6.8) by (—1)*~7%+!, we get 
(—1)** DI a(x) = (—1)* DG bn (gx) Ba e.in.a(2)- 
The last equality and (6.7) yield that 
Bn k,in,q(*) = 0, (6.10) 


for all x € R,,(n,k) © N x No,q € (0,1). 
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We set 


cviRi) = { FECA): lim J, <oh, N>2. 


Endowed with the norm ||.| 


n> this space is Banach space, where 


If ()| 
lly = supp (6.11) 


Inspired by the Baskakov operators (6.5), we introduce the announced 
q-operators as follows: 


co 


T( 343%) =F ~~ Dh on (x) f (aa) (6.12) 


for all f € Co(R+),x © R+,q € (0,1),n EN, where (@,),, is a sequence of functions 
satisfying (P1)—(P3).- 
It is obvious that T,,,n € N, are positive and linear operators. 


Lemma 6.1. For alln © N,x € Ry, and0 <q < l,we have 


T,(€0343x) = 1, (6.13) 
T,(€1393X) = _ PaPn(0) (6.14) 
nl, 
2 
T,,(€2;q;X) ape Pith) (6.15) 
aie nl? 


Proof. For a fixed x € R;, by Theorem 6.1, we obtain 


c(t —x)f : 
$n(t) = Yi * Di tn (x). (6.16) 
i= [k] e 
Choosing t = 0 in the above relation and taking into account (6.6), (6.1) and 
(—x)k = (—x)kq" >”, we get 


and (6.13) is proved. 
Using (6.16) we can write the q-derivative of @, with respect to t as 


Dgon(t) = s ae (t—x)F' Di n(x). (6.17) 
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For getting the above identity we used the formula D,(t+a)* = [k] qgtt aj 
see (1.4). 


> 


Multiplying (6.17) by (—x) and choosing t = 0 we obtain 


ok k=1)(k-2) 
~ Dyn) = (atta Dibn() 


(6.18) 
which yields (6.14). 


We use a similar technique to get (6.15). Differentiating (6.17) with respect to ¢ 
we get 


co 


3a — (tx) Di nla). 


Now choosing again tf = 0 one has 


pa (k2)(k-3) 
- 2 a 


Dion(x). (6.19) 
i 
From (6.18) and (6.19) we have 
o [k],[k-1] (k-2)(k-3) 
x°D79n(0) — xqDqn(0) = ¥, 7 a (-x)kq 2 Dion(x) 
k=1 gq 
oo [k] (k-1)(k—2) 
+40 ot (=x) g Dh on(x) 
k=1 [ F 
=F ee aytg Yalow (le 1], +) 
roa K,! q q 
Ea [Ke (k=24(k-3) 
= Fe (2g pt, (0), 
k=1 la! 
where we used the fact that [k — 1], + —— [k], for all kE N. 
On the other hand 


jk Xx 

ane 2 a 
— 2Pabn(0) _ Dabn(0) 
ane be 


and (6.15) follows. The proof is complete 
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Remark 6.2. Since any linear and positive operator is monotone, relation (6.15) 
guarantees that 7, f € C)(R+). 


6.1.3 Statistical Approximation Properties in Weighted Space 


In this section, by using a Bohman—Korovkin-type theorem proved in [57], we 
present the statistical approximation properties of the operator 7, given by (6.12). 
Let R denote the set of real numbers. A real function p is called a weight function 
if it is continuous on R and lim),;_,.. P(x) = %, p(x) = 1 for allxe R 
Let us denote by B, (IR) the weighted space of real-valued functions f defined on 
IR with the property | f(x)| <Myp(x) for all x € R, where My; is a constant depending 
on the function f. We also consider the weighted subspace C, (IR) of Bp (IR) given by 


Cp(R) = {f € Bp(R) : f continous on R}. 


Endowed with the norm ||.||,,, where || ||, = suPycr i, Bp(R), and Cp (R) are 
Banach spaces. 

Using A-statistical convergence Duman and Orhan proved the following 
Bohman—Korovkin-type theorem [57, Theorem 3]. 


Theorem 6.2. Let A = (4jn) jn be a non negative regular summability matrix and 
let (Ly), be a sequence of positive linear operators from Cp, (R) into Bp, (R), where 
Pi and p2 satisfy 


lim & =o, (6.20) 
|x|—re 2 
Then 
sta — lim ||Inf — fllp, =0 for all f € Cp, (R) 
if and only if 


sta — lim ||LnFy — Fy||p, = 9, v =0,1,2 
n 


where F,(x) = oe ,v=0,1,2. 


Examining this result, clearly, replacing R by R,, the theorem holds true. 
Further on, we consider a sequence (qn)n, dn € (0,1), such that 


st —limg, = 1. (6.21) 
n 


Theorem 6.3. Let (qn)n be a sequence satisfying (6.21). Then for all f € Cy(R+), 
we have 


st lim |T,(fsdns-) ~ flag = 0, @& > 1. 
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Proof. It is clear that 
st — lim ||Tn(€03 Gn’) — eoll2 =0. (6.22) 
Based on (6.8) we have 


Dan On (x) = —on (9nX) Bn.0.0.4n (x) xE R,, ne N, 


where 
nN q 0 
st —lim B 0,0,4n( ) 


n nl 


Thus, by (6.14) and (6.6), we obtain 


=i, (6.23) 
dn 


Bn0.0.4n(0) 
Ho, 


|Tn(€13 nsx) — €1(x)| 


— 1). 
1422 


S llells 


Consequently, 


Bn.0.0.4n (0) 


ml, 


1 
|Tn(€139n3-) —e1|lo < 5 


and for any € > 0 we have 6(A) < 6(B) = 0, where 


A= {nEN: ||T,(e1;9n3-) — el. = €} 


B= (" ny; |Pn0oun() _ 4 5 ae} 
nh, 

Hence, we get 

st —lim ||Tn(e154n3.) — e1|| = 0. (6.24) 
The condition (6.8) implies that for any n € N, we have 
Dj, $n (x) = —Dan On(GnX)Bn,1,0.9n (*) (6.25) 
or 

Di, On (2) = Ondr(*) Br. 1.gn ()- (6.26) 
a 


Case 6.1. If (6.25) holds true, then De n(0) = Bn.0,0,4n (9) Bn,1,0,9n (0). From (6.15) 
we get 


LTa(en:ania) —ep(2)| < |PaOeaelOPord.a() _ 1) 2, ProdgelO),, 


2 
qn [n] Gn [n| Qn 
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By using the elementary inequality 


? 


IXY — 1| < max {|X?-1 


y*—1}}, X,Y ER, XY>0, 


we can write 


2 
Th 3 3 = n 0 
Ta(eaianis) e202) 0,1 max (Byes) - 
k=0,1 


ie qh (Aq, 


Bn.0,0,4n (0) 


inh, 


PuscalO)_| (24 


< max , 
ra { dn lq, 


I Bn.0,0,4n (0) : 


2 
lla, 


+ lleills 


Bnk0on(O) 
qk Inq, 


Since st — lim, gn = 1 we have 
: 1 
st — lim —— = 0. (6.27) 
From (6.9) and (6.27) we obtain 
st — lim ||Tn(€2;4n;.) — eal =0. (6.28) 
Case 6.2. If (6.26) holds true, then Di, on(0) = Bn.1,1,9, (0). By using (6.15), we get 


Bn,t,1,4n (0) D5 Bn.0,0,4n (0) 


|Tn(€234nsx) — €2(x)| < z —\ix4 2 
qn [n\o, nl, 
and 
0 1 0 
\|T(€234n3-) ~ey|l, < Po.t tan ) ME? : Pr.00.an( iP 
dn nls, no, 


Taking into account (6.9) and (6.27), the last inequality implies 
st — lim ||Tn(€25 ns.) — ea|l2 =0. (6.29) 


Finally, using (6.22), (6.24), and (6.28) or (6.29), the proof follows from 
Theorem 6.2 by choosing A = Cj, the Cesdro matrix of order one and p;(x) = 
1+2°, p(x) = 14+2°%,x€ Ra, a > 1. 
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6.1.4 Special Cases of T,, Operator 


In this section we present two particular cases of operator 7, given by (6.12), 
which turn into the well-known Sz4sz Mirakyan (also called Mirakjan) operator 
and classical Baskakov operator, respectively, in the case g —> 1~. 


A q-Analogue of Szasz—Mirakyan Operator 


For some q € (0,1), let (Qn) be a sequence of positive real numbers satisfying 
st — limy O& = 1 and let @,(x) = Ey (- fr] On) x € Rin EN. Then, for all 
(n,k) €N xN, we have @,(0) = 1 and 


k(k—1) 
Didn(x) =(-1) Wnlkakg” = Ey (—[elyang'x), x20. 


It is obvious that under the assumption made upon sequence (0%), the condi- 
tion (6.7) is fulfilled. Furthermore, for all k € N, we get 


DS On (x) = —Di bn (4x) Bn.k,0,q (x), 
where By 4,0,q(*) = [n], ong*. Consequently, 


Bn.k,0,4 (x) 


=%, nEN, 
[n],.4* : 


and (6.8), (6.9) are also satisfied. 
In this case the operator T,, turns into $7, given as follows: 


k 
oo (a, |n]_,x 
Sifax) = % (err) ng (— In], a*onx) f (Ga) , (6.30) 


for f €C)(R+), x Ry,nEN,q€ (0,1). 


Remark 6.3. Choosing 0%, = 1,n € N, the operator S* given by (6.30) reduces to the 
classical Sz4sz—Mirakyan operator, when g —> 1~ 


Based on Lemma 6.1, we have 


S-(e03q3x) = 1 
S\(€13qG3X) = nx, 
Qn 


In|, 


S*(e€23q3x) = ar + 


x, 


forx € R,,n€N,q€ (0,1). 


204 6 Statistical Convergence of g-Operators 


We point out that our g-generalization S*,n € N, is different by the g-analogue 
of Szasz—Mirakyan operator, recently introduced by Aral (see [25]) as follows: 


k 
sy ate(—pa 2) $y { Hebe) Lele) 
SH fix) = Ea ( nl, 2) 3( In, [klg! (bn)* 


where 0 <x < 7 Pu , bn is a Sequence of positive numbers such that lim,b, = ©. 
The sopreamiaton function S*(f;q;.) is defined on [0,e] for each n € N, 

while the domain of Sr fe) oad on n. Moreover, in the case Q, = , neN, 

since |S*(eo;g;x) — e2(x)| = Bl and |S*(eo;q;x) — e2(x)| = (1—q)x? + oF x, the 


behavior of S*(.3q;.) on e2 is oe than S# on eo. 


A q-Analogue of Classical Baskakov Operator 


In order to give second particular case of the operator T,,, we consider the next 
lemma. The proof follows immediately from (6.1)—(6.3) (see [104, pp. 106—107)). 


Lemma 6.2. Lett,s,ac R 


D,(1+ax)i, = [,a(1 +aqx)5', (6.31) 
(1+x)e" = (1+2))(1+¢°x)5, (6.32) 
1 
1+ ———— 6.33 
0499 = aaa (6.33) 
By using (6.31) and the identity [—n], = re sn EN, it is easy to see that 
D,(1-+ax)2" = —4a(1 + agx)"!. (6.34) 


Let o,(x) = (1 ca gee ee € R,,n EN. Taking into account (6.33), (6.34), and 
definition of the high g-derivatives, we obtain 
Dion(x) = (-1)}* [n],:-:[n+k—-1], gk(1+ gra 
= pete Ne! 1 
[n—1Jgt ” (1+ ax)q"* 


for all x € Ry, (n,k) EN x N,qge€ (0,1). 
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Consequently, by using (6.32) we can write 


a tke! eo 
Di" On(x) = (=1)* ‘moat? Matq" k 3 k-1 
g 
+ +4 + n+k+ —n— n == 
= (<1 ee it Lag k a); l14+q sales 3 k 
q 
= (—1)*'DgGn(q*x) Bn k.k—1,9(%), 
[n+k],! 


k k+1).)—k Brk—1.q(0) _ [n+]q! 
1+ x)7*, and : 
ae ec inet folky! 
n+k 
Since, for 0 < q < 1, we have lim, ae = 1,(3.4) and (6.9) are also verified 
q 
with i =k—1. 
In this case the operator T,, turns into V,*, given as follows: 


where Pikete (x) >. [n]q! 


ti peeey et | RRL) Bee og 1 F 
vetan) => i Ja Cole stan! (gat), (6.35) 


k=0 


for f € Co(R+), x Ryn EN,q€ (0,1). 


Remark 6.4. The operator V,* given by (6.35) becomes the classical nth Baskakov 
operator in the case g —> 1~. 


Based on Lemma 6.1 we have 


Vn (e039;x) = 1, 
Va (€139;%) = Qx, 


n+1 
| le gy? 7 x, xER neN. 
In|, 


Vi (€2343x) = 


6.2 q-Szasz—King-type Operators 
6.2.1 Notations and Preliminaries 


In order to introduce a g-variant for Szasz—Mirakjan operators, right from the start, 
we present a construction due to Aral [25] and studied in deepness by Aral and 
Gupta [29]. Let (On)a>4 be a sequence of positive numbers such that lim, by, =. 
For eachn € N, q € (0,1), and f € C(R,), the authors defined 
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oo k 
(St) = E, (tmx) SF) F636) 


k=0 [n|q On 


where 0 <x < me z-The following explicit expressions for Sfe,, k = 0,1,2 have 


been established [29, (3.5)—(3.7)]: 


Dn 


iG 
Shep =eo, She; =e1, nee Na e| 
qd 


In [9] the classical $z4sz—Mirakjan operators have been modified in King’s sense. 
Following a similar route, we transform the operators defined at (6.36) in order to 
preserve the quadratic function e. Defining the functions 


1 
Ynal) = sarge (“ba + 0 +4alnlp?) x20. (6.37) 


we consider the linear and positive operators 


oo k 


[nq 


where x € J,(q) := [o. tz). 


Lemma 6.3. The operators defined at (6.38) verify for each x € Jy(q) the following 
identities 


(Sh.geo) (x) =1, (Si gé1) (x) = Vag (x), (Si,q@2) (x) = x (6.39) 


(Si Wz) (x) = 2x(x—vng(x)) (6.40) 
where W(t) =t—x, t > 0. 


Since the identities are easily obtained by direct computation, we omit the proof. 
Examining relations (6.37), (6.39), and based on Bohman—Korovkin theorem, it 
is clear that (Sia ass does not form an approximation process. The next step is to 
transform it for employing of this property. For each n € N, the constant g will be 
replaced by a number g,, € (0,1) such that lim, b, = 1. At this stage we also need a 


connection between the involved sequences (bn),,51, (Gn) n>1- 


Theorem 6.4. Let (n),5,;; 9 < qn < 1 be a sequence and let the operators 


Sian 1 EN, be defined as in (6.38). If 


by . b 
limg, =1, lim—“— = and lim" =0 (6.41) 
n n 1-—q? n [n]q 
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then for any compact K C R¥ and for each f € C (IR), one has 


lim (Sia) (x) = f(x), uniformly inx € K. 


Proof. The second limit in (6.41) guarantees that Uy Jn (dn) = R+. Consequently, 
the sequence of operators is properly defined, this meaning that it is suitable to 
approximate functions defined on R,. The third limit in (6.41) implies lim, vpq(x) = 
x? uniformly in x € K. The result follows from Bohman-Korovkin criterion via 


Lemma 6.3. |_| 


Remark 6.5. For removing any doubt, we indicate pairs of sequences (qn),>1, 
(bn) »>1 Which verify the plurality of requirements imposed in Theorem 6.4. 


lq = Fq and Qn = ae (n> 2); b, =n" for any fixed A € (0, 5). 


2q= 5 and gn = 1 i (n> 2); by = (lan) for any fixed A € (0,1). 


6.2.2 Weighted Statistical Approximation Property 


A real-valued function p defined on R is usually called a weight function if it is 
continuous on the domain satisfying the conditions p > ep and lim, ,.. p(x) =. 


For example, the mapping x > | gt Aa nonnegative parameter, is often used 
as weight function. Let us consider the spaces 


Bp(R) = {f : RR — R| aconstant My depending on f exists such that |f| << Mrp } 
Cp (R) = {f € Bp(R)| f continuous on R} 


endowed with the usual norm |j-||,,, this meaning 


— ap lf! 


xe€R 


Clearly, all the notations and results in Theorem 6.2 are still valid if we replace 
the domain R by R. The main result of this section is based on Theorem 6.2. We 
choose the pair of weight functions (Po, 0, ), where 


24+A 
? 


po(x) =14+27, pa(x)=1+x xeR, (6.42) 


A > 0 being a fixed parameter. Relation (6.20) is fulfilled and Bp, (R+) C Bp, (R+). 
Moreover, taking A the Cesaro matrix of first order, Theorem 6.2 implies 
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Corollary 6.1. For any sequence (T;),>, of linear positive operators acting from 
Cp (R+) into Cp, (R+), A > 0, one has 


st—lim||Taf—fllp, =9 Ff © Cpo.(R+) (6.43) 


if and only if 
st — lim || Tex — ek||p, =0, k=0,1,2 (6.44) 
n 
Next, we collect some elementary properties of the functions defined by (6.37). 


Lemma 6.4. Let vig, 1 € N, be defined by (6.37), where q € (0,1) and by > 0, n€ 
N. The following statements are true: 


b by, 
Vag (0) = 0, vna( 7 ) = 


b 
0<vag(x) <x, x€ 0, | (6.45) 
(iii) 
Dn 
X—Vnjg (x) < X0 — Vn,g 0) < , x>0 (6.46) 
2q[n\, 
where xo = 7, 


Proof. Both (i) and (ii) are obtained by a straightforward calculation. Because S*, 

is a positive operator, actually, the inequality vp (x) <x springs from (6.40). . 
For proving (iii) we can consider the function h : [0,e°) —+ R, h(x) =x—Vng (x). 

The unique solution of the equation 4 h(x) = 0 being xo, the monotonicity of h 


implies h(x) < h(xo) = ao and (6.46) follows. | 


The main result of this section will be read as follows. 


Theorem 6.5. Let the sequence (qn)y3,;; 0 < qn < 1, be given such that st — 
lim, qn = 1. Let the operators S* , ,n © N, be defined as in (6.38). If 


NGn? 


b 
st —lim— =0 (6.47) 
n Inl, 


then, for each function f € Cp,(R+), one has 
st—lim||Sn.4,f—J|l,, =9 


where A > 0. 
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Proof. Each function Sig, f, f € Cpy(R+), is defined on Jn (qn). We extend it on 
IR in the classical manner. Let Ss be defined as follows 


" fi) xe he 


Po cde si 


For each n € N, the norm || Sz, als. ll, coincides with the norm of the element 
ne a 


(Ss Mr pad f) in the space Bp, (Jn (qn)), for any 2 > 0. Applying Corollary 6.1 to 
the operators 7, = S* qv the proof of Theorem 6.5 will be finished. In this respect, it 
is sufficient to prove that, under our hypothesis, the operators verify the conditions 
given at (6.44). 

By the first and the third identity of relation (6.39), it is clear that 


st —lim||S)4,€k — ell, =0 


for k = 0 and k = 2. The second identity of (6.39) and Lemma 6.4 allow us to write 


‘ X= Vn,gn (X) 
sup Srqnel) (x) —x| = sup 
xEIn ( qn) ) Po (x ) ( fe 44) | xEJn (Gn) 1 +3? 

< sup Yingn () 

x>0 1 +x 
bn 

< 

24n on, 


Based on (6.47) we get st — lim, ||S% nel et loo = 0, and the proof is completed. 
a 


6.2.3 Rate of Weighted Approximation 


The q-Stirling numbers of the second kind denoted by Sy (m,k) (m,k € No, m= k) 
are described by the recurrence formula 


Sq (m,k) = Sq(m—1,k—1)+[k],Sq(m—1,k), m2k>1 


with S,(0,0) = 1 and Sg (m,0) = 1 form € N. We agree Sy (m,k) = 0 for k > m. The 
closed form is the following 


1 a . du) [k ath 
Sq(m,k) = —aay U(- Dg ‘| [kK—jlp, 1<k<m (6.48) 
k q 


[k],!¢ = i=0 
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For g —> 1~, S,(m,k) represents the number of ways of partitioning a set of m 
elements into k nonempty subsets [4, pp. 824]. 


Lemma 6.5. Let the sequence (gn)n>1, 0 < dn < 1, be given and let the operators 
S n EN, be defined as in (6.38). One has 


ok 
n,n? 


(m-1) m—1 Dn et MD) 
ok 2 m él 
( man€tt) (x) =4n Vndn (x) + » [n| San (m,k) dn Vindn (x) 
= qn 


X €JIn (Gn), where Sq, (m,k) are qn-Stirling numbers given by (6.48.) Here em stands 
for the monomial of m degree. 


Proof. Taking in view both (6.38) and (1.8) and using the Cauchy rule (or Mertens 
formula) for multiplication of two series, we can write 


k 
2S k . iti-l k-i by [n] 1 YN, in (x) 
(Stqyen) (8) = YD (-V' an? aa(! ' ) oe) 
< 1 nl 


| 
” 
tMs 
AH 
= 
_ 
3 
> 
~~ 
ae 
Fy 
s 
Zope 
t= 
iL 
a S\N 
> 
= 
SS 
i 
tL 
= 
= 
we 
= 
2 
an 
~~ 


Knowing that Sj, (m,m) = 1 and Sq,(m,0) =0 (m= 1), one obtains (6.48). a 
We mention that A. Aral proved a similar result [29, Lemma 1] for the operators 
given at (6.36). His proof is based on the forward g-differences up to order m. 
m—k 
. . -1 by 
Set Am (m;dn,Bn) = Dp! Sq,(om,k) ( Be)". 


Under the hypothesis lim, q, = 1 and lim, oF , we get lim, Sy, (m,k) = S1(m,k), 
q 


1<k<m-—1, and areal constant B,, depending only on m exists such that 


supAm (13 gn, Dn) = Bm (6.49) 
neN 


Lemma 6.6. Let the sequence (qn)y5,; 9 < qn <1, be given and let Sj 4,, n EN, 


1,4n? 


be operators defined as in (6.38). If the condition (6.41) are fulfilled, then one has 
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(i) 
(Sr.gn€m) (x) S (1+ Bm) (L+2") , x € In(Gn) (6.50) 


where B» is given at (6.49.). 
(ii) For eachn€N, the operator Sj, 4, maps the space Bp.) into Boi), A > 0. Here 
[A] represents the ceiling of number 2X. 
Setting Ux (t) =1+(x+|t— x)Prt4l , t > 0, the following inequalities hold: 
(iii) 
Stign Mx S cq (1 + e241) (6.51) 


\/ Strran Me S Ea (1 + 2449) (6.52) 


where c,,,€, are constants independent on x and n. 


Proof. (i) Based on Lemma 6.5, relation (6.45), and knowing that g, € (0,1), for 
each x € Jn (qn), we can write 


m—1 m—k 
(Sn.anem) (*) S x + > San (m,k) ( i x* 
f=1 


Na, 
x” + Am (n3 qn, bn) max {1,x'"} 
x” + By max {1,x"} 


and (6.50) follows: 

(ii) If fe Bp,,)> then If| << My (1 $324141), Sig, being linear and positive is 
monotone. Relation (6.50) implies our statement. 

(iii) For each t > 0 and x € Jn(qn) we get 


Ly (t) x 1yaygy < 142/411 (Garhi +2410) 


By using (6.50) and (6.39) we obtain (6.51). 
(iv) Since py? (t) < 2 (1 + (2x+ "ikea ) , the same relations (6.50) and (6.39) 
imply (6.52). a 


We proceed with estimation of the errors Sige Fat |, n €N, involving un- 


bounded functions, by using a weighted modulus of smoothness associated to the 
space Bp, . In this respect, we consider 


Qo, (f36) = sup 6>0 (6.53) 
x0) 061 +(x+h 
0<h<d 
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Clearly, Qp, (f3+) <2 If lip, for each f € Bp, . Among some basic properties of this 
modulus, we recall 


Qy, (f:06) = (& + 1)Qp, (f:6), 5>0, a>0 (6.54) 


Theorem 6.6. Let the sequence (qn)n>1, 0 <n < I, be given and let Sj.4,,n EN, 
be operators defined as in (6.38) such that the conditions (6.41) are fulfilled. For 
each f € Bony the following inequality 


|(Sianf) @)—F(0)| Sky (147471) Q,,,, (v4 n) , x€Jn(dn) 


qn 


holds, where ky, is a constant independent of f and n. 


Proof. Letn € N and f € Bow) be fixed. For each t > 0 and 6 > 0, based both on 
definition (6.53) and on property (6.54) with a := |t—x|6—', we get 


iF) sep] s (140+ ap?) (Ar) a, 8) 


= (Wo lt)+ Stele —al) Bp, (8) 


where UU, was introduced at Lemma 6.6. 
Taking into account that S;, is a linear positive operator preserving the 
constants, we can write 


(Stat) @)—FO)| = |Sng, FF 033) 
S Shay vane x) 


< Sig, (He +5! He lvel) Qp., (f38) 


= { (SiayH) (+5 (Seat ¥A) = Op.) (F38) 


 { (Sia) (+5 Siat) Oy) Cig, ¥B) OD bp (F8) 


where y, was introduced at Lemma 6.3. 

The last increase is based on Cauchy—Schwarz inequality frequently used for 
positive operators of discrete type. It was proved by Yuan-Chuan Li and Sen-Yen 
Shaw [111] that this classical inequality has great and unexpected force. 
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Relations (6.40) and (6.46) allow us to write (Sy 4, Wz) (x) < bax Further on, by 
qn 


using inequalities (6.51) and, (6.52), we get 


| (Sign) (x x)—f(x)| < {« (14241) 4 avira ys [it } an, (f;) 
dn 


Ss <(« ven Pn (Leal) Op, (f;) 


ro) [n] oe 


choosing 6 = mt and setting ky, := cy, + ./é,, the conclusion follows. | 
qn 


Corollary 6.2. Under the assumptions of Theorem 6.6 the following global esti- 
mate takes place: 


by 
[Sigel — fly <r (: : i FE Bo 
dn 


6.3 q-Baskakov—Kantorovich Operators 


6.3.1 Introduction 
Recently the Durrmeyer-type certain integrated operators based on q-integers were 
studied in [48] and [86]. 
Lemma 6.7. Let t,s,a © R, then we have 
Dy (1+ax),, = [f],a(1 + aqx),", (6.55) 
(L+x)g" = (1+2)g(1+¢'x)q, 


1 
i ——— ; 
(1+x);" ~ Grea (6.56) 


The proof follows immediately from (6.1)—-(6.3), (see [104, pp. 106—107]). 


Aral and Gupta [30] introduced a g-analogue of Baskakov operators, which for 
q€ (0,1), f € C([0,°2)), x E Ry := [0,0¢), n € N is defined as 


[K] 


Vana fix) = YL Pasta (= riz): (6.57) 
q 
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k (4x) 


= k(k—1) 
where bn x(q3x) ‘= ie ' a = 


Remark 6.6. It is obvious that V,; 4, n € N, are positive and linear operators. 
Furthermore, when g — 17, the operators given by (6.57) reduce to the classical 
Baskakov operators (see, e.g., [37]). 


We set e;, e;(x) =x', i> 0. 


Lemma 6.8. For alln © N, x € R,, and0 <q < 1, we have 


Vn.q (€03x) = 1, (6.58) 

Vag (613%) =, (6.59) 

Vag (€25x) = au ee (6.60) 
nq [nq 


Proof. For n € N, we consider the function g(x) := (1+q"x),", x€ Ry. 
By using (6.56), (6.55), and (1.4), we get 


Di-g(x) = (-1)*[nJgln + Lg... [n+k—Ig(l+q"x)g"*, kENo := {O}UN. 
For a fixed x € R;, by Theorem 6.1, we obtain 


. — xq [n+k— 1], 
+a" = 26 ye _ Lt 


(l+q ntky. i ak 


Choosing t := 0 in the above relation and taking into account (a, =(-x)kq°r, 
we get 


°° 


» big (gix) = 1 (6.61) 
k=0 
and (6.58) is proved. 
By definition (6.57) of the operators V,,, and using (6.61) we have 


peat a na-2) xk [kg 


Ving (255% => ian 11 v\ntk Ty), 


I[n— 1]q (1+x)g™ [nla 


4 Fait q3xX) =x. 
k=0 


Next we estimate V,, 4(e2;x). Taking into account the relation [k]g = [k — 1]g + 
q‘!, k EN, we obtain (6.60) as follows: 
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x) =>" =| jezyic at [el Fk My +) 


(e2; 
™ , G+ay* alii; 
Zz y [n+k—1g! Gays) xk [KJ g[k- 1g 
k—2 [k]q![n — 1] (1 +x)nrk q{njz 
. [A] 
+ ¥ bng(asx) a 2 
k=1 In|; 
[n+ 1]q 1 
= +__ty bn+2,k(G3X) + ——Vng(e1:x) 
qlnq - - [Aq 
1 
= n+ la + —x 
q\n\q [nq 
This completes the proof of Lemma 6.8. a 


6.3.2 q-Analogue of Baskakov—Kantorovich Operators 


Based on the q-integration, Gupta and Radu [91] proposed for g € (0,1), the 
Kantorovich variant of the g-Baskakov operators as 


bas [k+1]q/Tn]q : 
Kral f:x) = [le > bnelasx) | fq t)dgt, (6.62) 
k=0 


alk\q/lrlq 


XE Ri, neEN. 
It can be seen that for g — 17, the g-Baskakov—Kantorovich operator becomes 
the operator studied in [1]. 


Remark 6.7. By simple computation, it is observed from the definition of q- 
integration that 


[k+1]q/Trq 1 
J , ae (6.63) 
alklq/Inlg [n]q 
[k+1]q/n] k 
fi ; "rdgt = Pll ta (6.64) 
qlklq/llq 2]alnlg 


(6.65) 


alas Bip [3]qlk]2 + (1 + [2]a)a* [kg + ** 
q 


Lemma 6.9. For alln © N, x € Ry, and0 <q < 1, we have 


Kung (€0;x) = 1, (6.66) 
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Kng (e13x) =x+ BL’ (6.67) 
ony atlas, (0+2l)+Ble, _# 
Mali) = Ty Bibl, B® 


Proof. Let q € (0,1). Using the definition (6.62) and the identities (6.63) and (6.58), 
it is easy to see that (6.66) holds true. 

Taking into account (6.64), (6.58) and (6.59), by direct computation, we ob- 
tain (6.67) as follows: 


oe ; [k+1]q/|n]q 
K,e(e1ix) = |r, y brates f tdgt 
k=0 glk]lq/In\q 


= ¥ brates) e+ 4 F bala) 


k=0 ge [nq [2]q [nq k=0 


q 


= Vaglersx) + lalla 


ae €9o;xX) =x 
Dalia 


Based on (6.65) and Lemma 6.8 a similar calculus reveals 


ce [kK+1]q/[n\q 
Kyq(e23x) = [nq »y brags | ae 
k=0 Wkq/T\q 


ee eC 
= YS bial ) Pap t Blolnlo De Pala Tn], 


pe Va (e032) 


This completes the proof of Lemma 6.9. a 


Remark 6.8. It is observed from the above lemma that for g > 1”, we get the 
moments of the Baskakov—Kantorovich operators (see, e.g., [3]) 


1 
K,(e0;x) =1, Kny(eisx) =x+ an’ 


x(2+x) 1 


3n2" 


K,,(€2;x) = e+ 
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Examining relations (6.67) and (6.68), it is clear that the sequence of the 
operators (K;,,q),, does not satisfy the conditions of Bohman—Korovkin theorem. 
Further on, we consider a sequence (qn),,, dn € (0,1), such that 


limgy = 1. (6.69) 
n 


Theorem 6.7. Let (gn)n be a sequence satisfying (6.69) and let the operators Knq,,, 
n EN, be defined by (6.62). Then for any compact J C Rx and for each f € C(R+), 
we have 

tim Kn.gn (f;x) = f(x), uniformly in x € J. 


Proof. Replacing gq by a sequence (gn), with the given conditions, the result 
follows from Lemma 6.9 and the well-known Bohman—Korovkin theorem (see 
[113, pp. 8-9]). | 


6.3.3 Weighted Statistical Approximation Properties 


In this section, by using a Bohman—Korovkin-type theorem proved in [57], we 
present the statistical approximation properties of the operator K, 4 given by (6.62). 

A real function p is called a weight function if it is continuous on R and 
lim,|..0 P(x) = 99, P(x) > 1 for allxe R. 

Let us denote by Bp (R) the weighted space of real-valued functions f defined on 
IR with the property | f(x)| <Myp(x) for all x € R, where M; is a constant depending 
on the function f. We also consider the weighted subspace Cp (R) of Bp(R) given 
by 

Cp(R) := {f € Bp(R) : f continuous on R}. 


Endowed with the norm ||-||,,, where || f||,, = sup,er on Bp(R) and Cp(R) are 
Banach spaces. 

Examining this result, clearly, replacing R by R, the theorem holds true. 

Let us consider the weight functions po(x) = 1 +27, pa(x) =14+2°*%, xe R4, 
a>0. 

Further on, we consider a sequence (qn),,, dn € (0, 1), such that 


st —limg, = 1. (6.70) 
n 


Theorem 6.8. Let (gn)n be a sequence satisfying (6.70). Then for all f € Cp) (R+), 
we have 
st —lim||Kng (f:-) — f||,, =9, > 0. 


Proof. It is clear that 


st —lim||Kn,q, (€03-) — €0]|,,, = 0- (6.71) 
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Based on (6.67) we have 


|Kn,gn(€13x) — €1(x)| 
1+.x2 


dn 
< Weel De 


Since st — lim, gn = 1 we get st — lim, oF = 0, and thus, 


st — lim ||Kn.q, (€15-) ~ 1| 5, = 0- (6.72) 
By using (6.68) we obtain 


[n+ l]o, 
qn Man 


g, 
n 
+ Meola By, lg 


|Kn,an(€25X) — €2(2)| (1+ [2Jan) + Blan 


14x 


¥ |leallp, 


q 
1+ [eal ; 


Consequently, 
st — lim ||Kng, (225+) || 5, =0. (6.73) 


Finally, using (6.71)-(6.73), the proof follows from Theorem 6.2 by choosing 
A=Cy, the Cesaro matrix of order one and py (x) = 1+.27, po(x) =142°+%, xe R4, 
a> 0. | 


6.3.4 Rate of Convergence 


We can give estimates of the errors [Kng( f::)—f|,2 €N, for unbounded functions 
by using a weighted modulus of smoothness associated to the space Bp, (R+). 
We consider 


If@+h)— fO)| 


Qo,(f36) = sup “T+ ethyte ? 


x>0 
0<h<d 


5>0,a>0. (6.74) 


It is evident that for each f € Bp, (R+), Qp, (f;-) is well defined, and 


Qo, (£38) S2||fllp, 6 > 0, SE Bog (R+), a>0. 
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The weighted modulus of smoothness Qp, (f;-) possesses the following properties 
(see [112]): 
Qoa(f3A8) < (A+ 1)Qp,(f35), 6 >0,A > 0, (6.75) 
Qo, (F308) <nQ, (F356), 6 >0,nEN, 
lim Q 36) =0. 
slim, Qp4(F59) 


Theorem 6.9. Let q € (0,1) and a > 0. For all f € Bp, (R+), we have 


1 
|Kn,g(f3x) — f(x)| < | Bava bee) (1+ 5 KnalVEs)) Qo, (f:6), x 20,6 >0,n EN, 


where [lx.o(t) = 1+ (x+|t—x|)°*%, welt) = |t—x], 1 > 0. 
Proof. Letn € N and f € Bp, (IR+). Based on (6.74) and (6.75), we can write 


©) —f@)| < (14 @+l—al)**) (Glr-al+1) Op, (F58) 


sing) (1 + swt) Op,(f:8). 


Taking into account the definition of integration (1.12) and the relation 
Ja F(x)dgx = J fe)dgx — Joi f()dgx, we get 


[k+1q/lrlg e+1q/a*" lg 
fe dg =! f f (t)dgt. 
pee ( Jdq Ha/a*2 [lg dq 


Consequently, the operators K;,, can be expressed as follows: 


kad [k+1]q/q*" lq 


Kua F:2) = Ula Pras) 


k=0 [klq/a** [n|q 
By using the Cauchy inequality for linear positive operators, we obtain 


a k+1]q/q*" [nq 
Kral fx) S09] S btlg Y Pnalasadae tf F(t) Fat 


k=0 [Kq/a** [nq 


1 
< (Kaltsas) + 5 kna inv) Qo (f;6) 


1 
< fRaltass) (14 5 /Kaalveix)) 2p,(f8). 
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Lemma 6.10. Form € N we have 


x gm-ly 


+ 
[jg +x)gtt gm 


Vn,g(€m3) < Vn-+iq(€m—13), xER,neN, 


q” 1 _2"(m+1) 
m+ gine C40 m+ Mg 
Proof. Fork € N and 0 < q < 1 the following inequality holds true: 


Vag(ém3x), x € Ri neEN, 


1<[k+1]Jq <2[kq (6.76) 


Let m EN. By (6.62) and (6.76), we get 


. [Ale 
Vn, (e 13X) = bn«(q3x) ——-— 
_ 2 gn inly 
[ke 


= XDn +1 k—1(95%) —— 
» gir YKV yn 


co [k+ ie 
= xb +14(93x) ———+__ 
2 Per 0) ToT aA 


7 : [e+ Ue 
= by er 
ae txt a2 +1 4K(q x) gin Vk inn! 


x Qm— ly 


= m—1 n+l 1 
[nl A +x)G qh 


Va-+1,q(€m—13%)- 


= k+1]q/[n]q ba 
KGigltteas = ily Dna lass) | Balg ida 
k=0 glk\q/{n]q 
22 ge 1 a 4 
= ACE ae m+lrpym 
Pla Be boa 59) Fer yg), EA Ma ag") 


Since 


etre! — get tpg! — ([k-+ lq — alka) (lk+ 1 +-g[klglk+ 1e-! +...+9" Hm) 


< (m+ 1k +1" <2"(m+1)[KI™, KEN 
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we can write 


q” 1 2”"(m+ 1) 

Knq(@m3x) < Vag (€m3x) 
— [m+ laine (L-+x)g [m+ 1g" 
which completes the proof. a 


Remark 6.9. Since any linear and positive operator is monotone, Lemma 6.10 
guarantees that Kn4(f,-) € Bp, (R+) for each f € Bp, (Ry), @ E No. 


Theorem 6.10. Let (qn), be a sequence satisfying (6.70) and a € No. For all f € 
Bog (R+), we have 


Kran (f5*) Pills < 3CgQpy (F36n), 


and Cg, is a positive constant. 


where 6, = J 
Proof, The identities (6.66)-(6.68) imply 


oy (lot lls») 2, 1 (4all+ Pad + Elen 2am), a2 
Kal is) = ( 1) ae | Jy 


1 
qn [n] qn 


Qn{n] Qn | Qn [3] Qn [2] Qn Qn [n] a 
< I ede 1 ( 2]an9n + [3lgn —n ) sua Gn : 
qn [Alan [Alan [lan [lan nz, 
1 2 2. 1 
< x+ x4 : 
~ anlra, lo, (ng, 


Let a > 0 be fixed and f € Bp, (R;). Based on Theorem 6.9 and the above 
inequality, we can write 


|Kn.q, (f3x) — f(x)| < Knq, (Ces 1 1 /Kna, (w2;x) 
14.2to = 14 x2+a + 


IA 
3 
S 

= 


Koa Ata) 1/1 2 1 
ieee NPS gn Ot lleallow + Fayy, Hellen + Fai 


Q, (F398). 


Since [24 € Bp, (Ry), Lemma 6.10 and Remark 6.9 assure that Kn,q, (He a ‘JE 
Bp, (R+). Hence we get 


Kna(Fix) S| — ( 2 [1 


1+ x2+o I+s sc) Q», (F395), 
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where Cg := || Krug (ees. es Choosing 6 := Jatin the proof is finished. 1 


qn [n] qn 


Since (qn), satisfies (6.70), the sequence (6,),, is statistically null, which yields 
that st — lim, Qo, (f; dn) = 0. Therefore, Theorem 6.10 gives the rate of statistical 
convergence of Kn, (f;-) to f. 


Chapter 7 
q-Complex Operators 


In the recent years applications of g-calculus in the area of approximation theory 
and number theory are an active area of research. Several researchers have proposed 
the g-analogue of exponential, Kantorovich- and Durrmeyer-type operators. Also 
Kim [106] and [105] used g-calculus in the area of number theory. Recently, Gupta 
and Wang [94] proposed certain g-Durrmeyer operators in the case of real variables. 
The aim of this present chapter is to present the recent results [5] on g-Durrmeyer 
operators to the complex case. The main contributions for the complex operators 
are due to Sorin G. Gal; in fact, several important results have been complied in his 
recent monograph [76]. Also very recently, Gal and Gupta [78,79], and [80] have 
studied some other complex Durrmeyer-type operators, which are different from the 
operators considered in the present article. 


7.1 Summation-Integral-Type Operators in Compact Disks 


In this section we shall study approximation results for the complex g-Durrmeyer 
operators (introduced and studied in the case of real variable by Gupta—Wang [94]), 
defined by 


n 


1 
Mng(f3z) = int tle 4! *Pnalaiz) f F(t) Pn (9590) dat + f (0) Pno(432), 
k=1 
(7.1) 


where z € C,n = 1,2,...3q € (0,1) and (a—b)? = nary (a — qib), q-Bernstein 
basis functions are defined as 


ee n k —k 
poataic) = [2| 40-24 
q 
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and also in the above q-beta functions [104] are given as 


1 
B,(m,n) =f 2™-1(1 —gt)"ldgt, m,n > 0. 


This section is based on [94]. Throughout the present section we use the notation 
Dr={zEC: |z| < R}, and by H(Dr), we mean the set of all analytic functions on 
f :Dr— C with f(z) = Df axz* for all z € Dr. The norm ||f||, = max{|f(z)| : 
|z| <r}. We denote mp n(q3z) = Mng(ep;z) for all ep =t?, p € NU {0}. 


7.1.1 Basic Results 


To prove the results of next subsections, we need the following basic results. 


Lemma 7.1. Let g € (0,1). Then, tMnn(q;z) is a polynomial of degree < min 
(m,n), and 


n+l]! om 
3 ‘ z > ¢s(m) [n\7, Bn.g (@s32) 5 


Tn 6) a 

nl ) [nt+m+ Hi,! = 
where cs(m) > 0 are constants depending on m and q, and Bng(f3z) is the q 
Bernstein polynomials given by Bng(f3Z) = Lk—o Punk (GOS ([klq/[n]q)- 


[m—1]g![n—1]q! 


feat 2 have 


Proof. By definition of g-beta function, with By(m,n) = 


n 1 
Tmnn (q3Z) _ [n + Iq by a *pawaiz) f Pnke-1 (q:qt)t"dgt 
k=1 


i n 
= Dnt tly Sat Apna) [| | Can ang ema 
4 q 


= |[n+]1] g 2 Pa 3Z) 1, oa pBalk +m,n—k +2) 
ae ae reat 


= eee i: j De Pl 432) k= Tt ° 


7.1 Summation-Integral-Type Operators in Compact Disks 225 


For m = 1, we find 


[n+ 1] ! n 1 n k 
TNA) 71, 2 Pail 42) (ka = waa, Dy Peale a 
1 
=~ a D lhBna (@53Z)3 


thus, the result is true for m = 1 with c;(1) =1>0. 
Next for m = 2, with [k+ 1], = 1+ q|k]q, we get 


n+1 o n 
Man($2) = a YS Pnelgsz)(1 + alka) [kg 
q° k=0 
n+1 PS , 
= n+3 + [bl gBu,g(e15z) + al] GBn.q (252) 
a 
n+1],! 2 
= n+3 t ¥ ¢s(2)[2l§Bn,q (€53Z) 3 
q° s=1 


thus the result is true for m = 2 with c,(2) = 1 > 0, c2(2) =q>0. 

Similarly for m = 3, using [k + 2]q = [2]q +47 [k]q and [k+ 1g = 1+ [k]q, we 
have 
leit . 
ined], OO) PleBna (esi), 


s=1 


73,n(93Z) = 


where c; (3) = [2]q > 0, co(3) = 2q? +4 > 0, and c3(3) = q? > 0. 
Continuing in this way the result follows immediately for all m € N. a 


Lemma 7.2. Let q € (0,1). Then, for all m,n € N, we have the inequality 


[In+1] ! m , 
Poa [nly <1. 


Proof. By Lemma 7.1, with en, =’, we have 


ae ee [n+1]) wm 


Cs(m) [n}, Brg (e531) = 4 3 Cs(m) [n];- 


1, slj= pe ee 
mn(q ) [atm+1],! 4 


n+m+ i =i 
Also 


Pnk(Q32) = H (1 —z)(1 —qz)(1 —¢qz) a ( nigh 12), 
q 
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It immediately follows that p, x 
Thus, we obtain 


Tnn(q31) = [n+1 
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q;1)=0, k=0,1,2,...,n—1, and py»(q31) =1. 


1 
gPan CE gi [ Pnyn-1 (q.qt)t"dgt 


1 
mies eset 
prt prota 
= [n+ lqln|q lar Tintm+1 
[n+ 1), [n]q 
~ [ntmg[n+m+ 1], al 


Corollary 7.1. Letr > 1 andq€ (0,1). Then, for all m,n € NU {0} and |z| <r, we 


have |Tnn(q32)| <r". 


Proof. By using the methods [76], p. 61, proof of Theorem 1.5.6, we have 
|Bn,q (es3z)| < 7°. By Lemma 7.2 and for all m € N and |z| < r, 


[n+ 1] ) wm ; 
[Fnn(G2)| S ~~ S es(m) [nls [Brg (€532) 
. ptm 1,1 , A 1 | 
[n+ 1 m 
Sar le Pe 
[n+m-+ 1],! py q 
Lemma 7.3. Let g € (0,1); then for z € C, we have the following recurrence 
relation: 
q?z(1—z) q? |n|qz + [Pla 
mi 52) = a aon Ge) + nal 2) 
p+in(@ ) [n+ p+2lq q pn( ) [n+ p+2]q pal ) 


Proof. By simple computation, 


we have 


(1-2) Dg (Pn (452)) = (ely — lly) Pox (452) 


and 


t (1 —qt)Dg (Pnx-1 (934t)) = (k- es irl, 4) Pnk—1 (9340). 
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Using these identities, it follows that 
- 1-k : 
z(1—z) Dg (Apn(@z)) = [n+], Da (i, = [nlq2) Prk (a2) [ Pnk—1 (q3qt)t? gt 
k=1 
1 
=[n+]] 1 qa k (Gz 2 f (1+alk—- g—Wlyrtt+ inl, 71) Pnx—1 (qsqt) tPdgt 
1 
Jole+1]), me Prk (G32 af Pnk—1 (Qqt) t?dgt 


n 
=q{n+1]q > 4" *Pnx (a) (DgPnx—1 (qsqt)) t (1 — qt) tPdgt 
k=1 


+ TpnlQs2) + [Mg Mp4i.n (G2) — 21g Mp.n (452): 


P 
Let us denote 6 (r) = 5 (1-1) () = ae (t?+! —1?*?) Then, the last q-integral 
becomes 


a Dg (Pna—1 (qsqt)) t (1 — qt) t?dgt = is Dg (Pn (qiat)) 5 (qt) dat 


1 
= 5 (8) Poai(aiat) 1b — [Past (4:40) Dod (8) dyt 
1 
ae Pnk—1 (qsqt) Dag (t?*! 4? **) dat 
—p—1 : 
=-9 p+ tly | pasa (gang 


1 
+q?"[p+2], [ Pnk—1 (qsqt)t?* dgt, 


and hence, 
2(1—z)DgMpn(93z) = —@ ? [Pt 1]q MpnlGsz) +9? [P+ 2)q Mp+in(932) 


+ Mpn(G2) + [Mg F Mp410(G52) — Zl] g Apn(43z)- 


Therefore, 


z(1—z) 
q ?[p+2\q+ [7] q9" 


[ngz+q ?[p+1]qg-1 
rp +a, wae "8% 


Tp+1n(G3Z) = Dgkpn(432) 4 


Pr(1 — Pin) z+ 
= PETE gra ara an agp trn 
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Finally, using the identity [p + 2]q + [n]qq’** = [n+ p+2]q, we get the required 
recurrence relation. | 


7.1.2 Upper Bound 


If Pn (z) is a polynomial of degree m, then by the Bernstein inequality and the 
complex mean value theorem, we have 


|D~Pn (z)| < ||Pll, < = Pl for all |z| <r, 


The following theorem gives the upper bound for the operators (7.1): 


Theorem 7.1. Let f(z) = X59 4p2? for all |z| < R and let 1 <r < R; then for all 
lz] <r, q€ (0,1) andn EN, 


[Mn (f32) —f (2)| < 


where K,(f) = (1+r) Xp |aplp(p + Lr?! <&. 


Proof. First we shall show that Mn.g(f3z) = X30 4p%p.n(q;z)- If we denote fin(z) = 
LiLo ajz/, |z] <r with m €N, then by the linearity of M,,4, we have 
Mn.q(fm3z) = Y, apMp,n(qsz)- 
p=0 
Thus, it suffice to show that for any fixed n € N and |z| <r with r > 1, 


limyn— eo Mn.q(fsZ) = Mn g(f3z). But this is immediate from lim... || fin — f ||, = 0 
and by the inequality 


Mn.q (fm3Z) —Mng(f32)| 
n 1 
< | fm(0) — f(0)|-|—z)"|+ [n+ qd Ipna(aa)ia'* Pnk—1(4,9t)| fm(t) — f (t)|dgt 
k=1 : 
< Cral| fn —fllr 


where 


n 1 
Cyn = (L+r)"+ [nt lg >, 4 (Leyte f Pnk-1(429t dat 
k= q 


rane 
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Since, 7 n(q;z) = 1, we have 
|Mng(f32) -—F(21< ¥ lap|- ltp.n(9sz) — ep(z)|- 
p=1 


Now using Lemma 7.3, for all p > 1, we find 


g?'z(1—2z) 


Dg (Xp-1.n(932)) 
epi. 2 ™ 


Tp.n(G3Z) — ep (Zz) = 


q?"(nlz+[p— 1, 


+ Tat p+ I, (%p—1.n(932) — ep-1 (2)) 
bgt P= Mg pt P 

n+pt+, 
at 


fat p+, Date alte) 


qa 2+l—1, 
[n+p+1], 


(pi n(G3Z) —ep-1 (z)) 


[p— 1], poly q? ing In +p + 1a > 
[nt+p+1], [n+ p+], 


However, 


g?"[nlq—[p—1]g—@? [ng -— att? gt? 
[n+p+1), 


q?"[nlg—[nt+p+ Map 


P 
[p+p+1], 


< Nae. uw r?. 
~ lap + tl, 


Combining the above relations and inequalities, we find 


|p.n(q;z) — ep (z)| < ny, a || 7p—-1.0(42)|], 
1 
+7 |%p—1.n(432) — ep-1 (z)| + a Caer) 
q 
(1+r)(p—1) 


p-l oa 
[n+ 2], rP! + rlatp-1n(93z) — €p-1 (2)| 
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q 
+2 (L-+¥) pP—! 
[n+ 2], 
(l+r) ._ 
=? |tp-2n(42) ~ ep-2(2)| +20 rP lp 1+p:) 
qd 
(1b F) =f 
SoS +1)r?™~” 
res na, ? ) 
Thus, we obtain 
— l+r < pA 
|Mn.g (f32) — F(@)| <Q lap| -tpalaiz) — en @)| $7 £5) Y laolp(e+ Hr, 
p=! eo lg pet 
which proves the theorem. | 
Remark 7.1. Let q € (0,1) be fixed. As, lim,_,.. way = | —q, Theorem 7.1 is not 
q 


a convergence result. To obtain the convergence, one can choose 0 < gy, < 1 with 
Qn /\ 1 asn—> ©, In that case, + 0 as n — ce (see Videnskii [152], formula 


1 
n+2Jan 
(2.7)); from Theorem 7.1 we get Mng,(fsz) — f(z), uniformly for |z| < r and for 
anyl<r<R. 


7.1.3 Asymptotic Formula and Exact Order 
The following result is the quantitative Voronovskaja-type asymptotic result: 


Theorem 7.2. Suppose that f € H(Dr),R > 1. Then, for any fixed r € [1,R] and 
for alln EN, |z| < rand q€ (0,1), we have 


2(1 — z)f"(2) — 2zf"(z) | — Me(f) 


In|q ~ [alg 


Mn q(f32) f(z) +2(1 gq) Y, |ag|kr*, 
k=1 
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where M,(f) = Xi. \an|kKBu-r* < 09, and 
Buy = (k—1)(k—2) (2k — 3) + 8k(k— 1)? +6 (k—1)k° + +4k(k— 1)?(1 +r). 


Proof. In view of the proof of Theorem 7.1, we can write Mn q (f3z) = Yr 4k 
Tk.n(q;Z). Thus, 


gl ay'(z) = 2272) 


[n]q 


Maa Fi re) 


co 


< Dla 


(k(k—1)—k(k+1)z)z! 


[n] q 


Tk,n (432) ex(z) 


for all z € Dr,n EN. If we denote 


(k(k —1) —k(k+1)z)¢"! 
[n|q 


Exn(93Z) = Men(qsz) — ex(z) 


then Ex ,(q3z) is a polynomial of degree < k, and by simple calculation and using 
Lemma 7.3, we have 


. qe 'z(1—z) ; Ge" [nlqz+ [k-Uq . : 
Fun(@2)= aed Ot qEx—1n(q3Z)4 ely Ex—1n(Qs2)+Xkn(G2); 
where 

zk-2 ny 
Xen 2) = FEA [AEH R= 22a + k= Hal NUE=2) 


+2 nlk Mq— a" (k= 1)(k = 2) [k= 2g — gk Dk Mg 


+4 "fill —1(8—2) +18 Holy ~ fe Hqb( 1) ~ A 1b Ty) 
2 (K(k + Iba Mg — nen FA tg onl gk(A— 1) 


+g +g" Dl tq "lath 


k-2 


Gk (Xian (K) + Xo,qn(K)+2X3.q.n (k)) 


Obviously as 0 < q < 1, it follows that 


[X1.gn (k)| < (kK 1)(k-2)(2k—3). 
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Next with [n+k+1Jg=[k—-1gtq* [njgta't*!+¢""*, we have 


Xo.an(k) = [nla (gM Na + [k= Hg 24" Mk 1)) 
gk 1k 2) [k= 2g ah "(k= 1) [k= Ng 
[k= Ugk(K = 1) — (k= 1)[he— 1g — K(k Lg" — (k= Dg 


and 
fla (a "k= Ug + fk Ng — 24k 1)) 
[nla (ik 1g — (1) + ble (Ug a*"(—-1)) 
k-2 k-1 
= [nag (q-1) > lila + [n]q(1 —4) y ae 
k-2 k-1 
=¢'T¢-)D> W,+0-) Ye 
j=0 j=1 
Thus, 


|Xo,qn (k)| < (K-11) [kK-2], + (K- 1) [k-1], 
(k— 1)(k—2)[k—2]g+k(k—1)[k— Ug + [kU gk(k- 1) 
+k(k—1)[k—1g+k(k— 1) +k(k-1) 


< 8k(k— 1). 


Now we will estimate X34, (k) : 


Xzqn(k) =k(kK+ VD [ntk+ lq —[n]gin+k+ lq —9* [nlgk(k—-1) 
+ "nls + qh 'k(k = 1) [k= Ug —@*" [nlglk- 1g 


=k(k n 1) (tk AF qin, gt gr) 


fle (e—My ta" alg tat + gt) — gk nlok( 1) 


tq nly tah kk Wk Ug a [lg lk Ug 


=k(k+ 1 [k— lq +k(k4 1) (gt +g") — frlglk a 
—[nlq (gril 4 g"t*) + 2kg" InJq 


tg *k(k—1)[k— tq a" Tnlglk— Ug 
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[k= 1q 


= [n]q ( qe 


(K+ IIR Uy +K(K+1) (4 


= —[nlqg* (ke Ug - (k-1)) 


+ k(k+ 1) [k— Iq +k(k4 1) (4" 


= —[nlqq* (k= Ug — (k= 1)) + Ila 


[k-1_g+q*- 


n+k-1 , 


+ [nla 114") + [ily (kg! - 


11g") — [nla (k= Mg — (Dag 


1 (2k) _ git! —q""*) 


gt) +g Te(k— I)k= Mg 


[k— 1],—@"**) 


n+k—1 bg") tg k(k 1)[k tly 


) 


—[nlq (a"** g*) 


k-2 
=-¢"(q"-)Y Ll,- 
j=0 


k(k+ 1)[k—1]q 


Hkk+1) (4 


k=l 
1—q") Di Ula 
j=l 


n+k—1 rg") + gk "kk 1)[k lls 


gig =") inl, 


— [nly (g"** gf") tk(k+ 1)[k Haq + (k-+1) (g"t¥! + gi) + gh lk(k—1)[k—]q- 
Hence, it follows that 
[X3,¢.n (k)| < (k— 1) [k— 2], + (k-1)[K- 1], + 1-9") nl, 
+ (L—@"*!) [ng +k(k+ 1) [k— Ug + 2k(k + 1) +.k(k-1)[k- 1g 
< 6(k- 1) +(1—9") [fn], + (1—9""1) [ala 
Thus, 
Kina) < oo ((k— 1)(k —2)(2k — 3) + r8k(k — 1)? + 7°6 (k — 1)k*) 
q 
r* ee a al ‘ 
iy 2 ag, 8) 
— ((k—1) (k—2) (2k—3) +r8k(k—1)? +776 (k—1) k*) +2r* (1—q) 
q 


for all k > 1,n € N and |z| <r. 


Next, using the estimate in the proof of Theorem 7.1, we have 


|7,n(93Z) — ex(z)| < 


for all k,n € N,|z| <r, with 1 <r. 


(L+r)k(k+ 1)! 
[n+2]q 


? 
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Hence, for all k,n € N,k > 1 and |z| <r, we have 


g"[nlgrt+lk-1] 


ge 'r(1+r) | ! 
[n+k+1]q 


E 32) 4 Ey 1n(93Z)|+|Xkn(932)I- 
[n+k+I]q t-1n($2)| |Ex—1.n(932)|+1Xk.n(932)| 


Fxn(Qs2)/S 


ge r(ltr) < rt) ang A lgrtltle r, it follows that 


However, since 


[n+k+I]g = [nt+k+1]q [n+k+]]q 
r(1+r) ; 
[Exn(Q2)1 S$ ae E1952) + Ee 1 0(G2)1 + Xin(G52)]- 
a [nt+k+1]q Ht a 7 


Now we shall compute an estimate for |E;_, ,(q:z)|, k > 1. For this, taking into 
account the fact that Ex_1 ,(q3z) is a polynomial of degree < k — 1, we have 


k-1 
[Ex—1n(@2)| < NE e-1alle 


k-1 
< = [|e ae eels 


+|“ 1)(K—2) —k(k— lei} ex-2] 
[nq 
k(k—1) [1 +r)\(k—1)kr*-? 2k 1)(1+1r) 
| [n+ 2]q [n]q | 


Thus, 
r(1+r) 
In+k-+ 1g 


Epis (q;2)| < [n]2 


and 
4k(k—1)*(1+r)r* 
kala) $e gic) + Ment) 
q 


where 
a 
[Xin(932)| < 5A +24 (1-4), 
[n]¢ 


for all |z| <7,k > 1,n € N, where 


Ax = (k—1)(k—2) (2k —3) + 8k(k— 1)? +6 (k—1)k’. 


Hence, for all |z| <r,k > 1,n EN, 


k 
F 
|Exn(93z)| < rl/Ex-1n(qsz)| + eee + 2r* (1-4), 
q 
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where B;, is a polynomial of degree 3 in k defined as 
Buy = Ag+ 4k(k—1)?(1 +r). 


But £o.n(q;z) = 0, for any z € C, and therefore by writing the last inequality for 
k =1,2,..., we easily obtain step by step the following: 


rk rk 
Fen(49) < eb Birt or (1-4) < Bi, +2AK( 4), 
qj q 


Therefore, we can conclude that 


e(1 =z) f"(@) ~ 2zf"(2) < ¥ lavlBea(az ) 


[n] q = 


5) »y |ag|KBg, ae “+4+2( 1- a» \a,|kr*. 

qk=1 k=1 

As f4) (z) = Dx agk(k — 1)(k—2)(k— 3)‘ and the series is absolutely conver- 
gent in |z| < r, it easily follows that Y72_4 |ax\k(k — 1)(k—2)(k —3)r4 < 00, which 
implies that 57, |a|KB,,-r* < ce. This completes the proof of theorem. | 


Remark 7.2. For q € (0,1) fixed, we have 


does not provide convergence. But this can be ae by choosing |— - <q, <1 


Fly > 1—qasn— o; thus Theorem 7.2 


with gy, 7 1 as n — o. Indeed, since in this case az + 0 as n— oo Re l-aq< 
qn 


1 < | from Theorem 7.2, we get 


[n] ah 


a1 = 2) f"(2) = 22f"(2) « Met) : ¥ Jaglkr®. 


Man ~ Wl, of i= 


Magn (f32) — F(z) 


Our next main result is the exact order of approximation for the operator (7.1). 


Theorem 7.3. Let 1 — 5 <qn<1,n€N,R>1, and let f €H(Dr),R> 1. If f is 
not a polynomial of degree 0, then for any r € [1,R), we have 


CG 
Manan (3°) llr = zi n N, 


where the constant C,(f) > 0 depends on f, r and on the sequence (qn) nen, but it is 
independent of n. 
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Proof. For all z € Dr andn € N, we have 


1 


[n] Qn 


Mn g,(f32) — f(z) = 2(1 —z)f"(z) — 2zf"(z) 


+p {i (Haag (Fe fle) ear On2r0)\. 


[n] qn 


We use the following property: 
|F + Gl 2 [NF ll-—[!Gll-| > WF lle — Gl 


to obtain 


|Mnan t= Flk 


oe lievt e1)f" —2e1f'lle 
Nan 


Mn, (f3") f e1(1—e1)f" —2e1f’ 


ie Lil ile, Ih 


By the hypothesis, f is not a polynomial of degree 0 in Dr; we get ||e;(1 —e1) f" — 
2e1 f" ||, > 0. Supposing the contrary, it follows that z(1 — z)f"(z) —2zf’(z) =0 
for all |z| <r, that is, (1 — z)f”(z) — 2f’(z) = 0 for all |z| < r with z 4 0. The 
last equality is equivalent to [(1 — z)f’(z)]’— f’(z) =0, for all |z| <r with z £0. 
Therefore, (1 — z)f’(z) — f(z) = C, where C is a constant, that is, f(z) = =. for 
all |z| <r with z 4 0. But since f is analytic in D, and r > 1, we necessarily have 
C = 0, a contradiction to the hypothesis. 
But by Remark 7.2, we have 


ial l-e f" —2e,f" — 
nl, || Magy (fi-) — f — 1) <My(f)+2, lacie’ 
Man r k=1 
with aa — O0asn—> oo, Therefore, it follows that there exists an index ng depending 
qn 


only on f, r and on the sequence (g,)n, such that for all n > 19, we have 


i 


ller(1—e1) f" —2eif' ||, 


ei(1—e1) f” —2e,f" 
an 


1 
> sllei(l— ei)" —2erF" llr, 


Maan (Fe) f 


“Tg 
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which implies that 


I|Mn.an(f3°) — flr = lle1(1 —e1) f” — 2e1f'||-,Vn = no. 


~ [nan 


For | <n < no — 1, we clearly have 


Crn(f) 


In qn 


| !Mnan (3°) —f\l- 2 


2 


where Crn(f) = [rlgq ||Mngy(fs+) —fllr > 0, which finally implies 


C-(f) 


Mn nto) —F llr = 
| ff. (f ) fil Non 


, foralln EN, 


where 


C-(f) = min{e,1(f),¢r2(f) «+. €xmp—1 4); sliet (l—e:)f"—-2e:f'||}. a 


Combining Theorem 7.3 with Theorem 7.1, we get the following. 


Corollary 7.2. Let 1 — 5 <q, <1 for alln€N, R>1 and suppose that f € 
H (Da). If f is not a polynomial of degree 0, then for any r € [1,R), we have 


| Mnan(F3°) File Cy ? n N, 


1 
[n| q 


n 


where the constants in the above equivalence depend on f,1,(qn)n, but are 
independent of n. 


The proof follows along the lines of [80]. 


Remark 7.3. For 0 < a < B, we can define the Stancu-type generalization of the 
operators (7.1) as 


n 1 n 
mop (f3z) = [n+ p> apna) [ f (Rete) Pnk-1 (qs qt dat 
=I 


oe (ace) Pno(432)- 


The analogous results can be obtained for such operators. As analysis is different, it 
may be considered elsewhere. 
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7.2 q-Gauss—Weierstrass Operator 


In this section we study a complex q-Gauss—Weierstrass integral operators taking 
into consideration the operators introduced by Anastassiou and Aral in [17]. We 
show that these operators are an approximation process in some subclasses of 
analytic functions giving Jackson-type estimates in approximation. Furthermore, we 
give q-calculus analogues of some shape-preserving properties for these operators 
satisfied by classical complex Gauss—Weierstrass integral operators. The results of 
this section were discussed in [36]. 


7.2.1 Introduction 


In a recent study, Anastassiou and Aral [17] introduced a new q-analogue of Gauss— 
Weierstrass operators, which for n € N, q € (0, 1), x € R, and f: R>R bea 
function, defined as 


Ih], (¢@4+1) pS 2 
Wa (f34; x) TE R f(x+tEp (—<°tnly 5) ar (7.2) 


The goal of the present section is to introduce complex q-Gauss—Weierstrass 

operators and to obtain Jackson-type estimates in approximation by these operators. 
Also, we prove shape-preserving properties and some geometric properties of the 
operators using q-derivative. 
Note that geometric and approximation properties of some complex convolution 
polynomials, complex singular integrals, and complex variant of well known 
operators were studied in detail in [76]. Also shape-preserving approximation by 
real or complex polynomials in one or several variables was given in [75]. 


Definition 7.1. Let D = {z€C;|z| <1} be the open unit disk and A(D) = 
{f:D—+C; f isanalytic on D, continuous on D, f (0) =0, Dgf (0) = 1}. For 
€ > 0, q € (0, 1), the complex g-Gauss—Weierstrass integral of f € A(D) is 
defined as 


Wi 2 
We (£34; 2) (= Testy het fen ee (-75) dgt (7.3) 


for z€ D. 


Remark 7.4. Noting that the complex q-Gauss—Weierstrass operators Ws (f) (z) 
given by (7.3) can be rewritten via an improper integral, we can easily see that 
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Ey (- £ ) = 0 for n < 0. Thus, we may write 
q 


(q+1) 


WS 109) 


We (f39,2) = 


7.2.2 Approximation Properties 


In this section, we obtain Jackson-type rate in approximation by complex operators 
given (7.3) and global smoothness preservation properties of them. 


Lemma 7.4. We have 
We (134, 2) = 1. 


Proof. We can write the q-derivative of the equality tf = Vt Ju as 


=f Pu 
-Vlare Oe 


Also, using the change of variable formula for qg-integral with B we have 


it 
=i, 


ve i) 1 
t iq —l 
[y 1-@ Ep (-#5) dgt = v5 i vu AE 2 (—q°u) du 


(q+ 1) Jo 
VE ofl 
= ee 
(q+1) oN)? 
which proves We (1;q, z) = 1. je 


Theorem 7.4. Let f € A(D). 
(i) Forzé€ D, & € (0,1], we have 


Drs (Fin) £6] <a (fsV8),, (14 : ) 


where 


o1 (£36 )ap = sup{f (| —f(e*) 


;reR 0<r<é}. 
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(ii) We have 
o1 (We (f34, 2):6) 5 < Can (f:6)p,V5 > 0, § > 0, 


where 


on (f;5)p = sup {|f (21) — Ff (22); 


Proof. 
(i) Since Wz (1;q, z) = 1, forz€ D, we get 


(q+1) = te 
We (f34, 2) -f (2)| < Jit 1 [Fine e") -10lEe( ie) dt 


By the maximum modulus principle we can restrict our considerations to 
|z| = 1, and we can write 


We (f34, 2) —f (2)| 


cw [FF ote 


Combined this with the inequality 


—it at? 
Dap Ee —q a dgt 


|z||1—e7 "| <2|sin = Ez , Wt>0, 


it follows that 


We (f:4, 2) —F (2)| 


ve 
<b (sg) alae (eB) 
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Be (q+1) Free t2 
=o (five) (1+ 205 ol Ep dat 
f vé aD eras vz a 


Also, using the change of variable formula for qg-integral with B = 5, we have 


ye 
[MF be (-4 °F) det = ey [Tt Be ae) dae 


~_§ piyye_$ 
Gey oa) 


Thus, we have 


= 1 
Ds (ia. -F@)| Sa (f:VE) (= 7m) , 


(ii) For 21,22 € D, |z1 —2| < 5, we have following: 


|We (f34, z1) — We (f34, 22)| 


2 
eth pire If (zie ~") — f (xe7 *\|E, »(-0"4 5) det 


Tp 
“ zal) We (134, z) 
< o (f:5)5 


From which, we derive by passing supremum over |z; — z2| < 6 


oo (We (f39, 2)36) 5 < o1 (f:8) 5 a 


7.2.3 Shape-Preserving Properties 


In this section, we deal with some properties of the complex operators given in 
Definition 7.1. Firstly we present following function classes: 


S2= { is analytic on D, f(z) = Yaz“, 2ED, lal > > jl} 
k=l k=2 
={feA(D); 


Def (2)| <1, forallzeD} 


242 7 q-Complex Operators 


and 


%={f D—-C; f is analytic on D, f(0) = 1, Re[f(z)] > 0, VzE D}. 


Theorem 7.5. If f(z) = 2 axz* is analytic in D, then for & > 0, We (f) (z) is 


analytic in D, and we have 
eA, 2) = ¥ aude 6.9) VvzED 


where 


ve 
_ ee) fee ae _ ot 
AG Teh Meee e)ae 


Also, if f is continuous on D, then We (f) is continuous on D. 


Proof. For the continuity at zo € D, let z, € D be with z, — zp as n — °9. From (7.3), 
we can write 


|We (£34) Zn) — We (f:4, 20)| 


1) ; ; 2 
° Tia® a p ( YH IF ene t) — F(cve Eg (a ) at 
(5) 


“TO [PF ous 


q+l) tS 


2 1-q? , at? 
= Fern he Fea cabo (a) a 


= @1 (f3|Zn — 20l)p; 


from which the continuity of f at z € D immediately implies the continuity of 
We (f) too at zo. 


Since f(z) = ¥ azz“, z € D, we get 
k=0 


We (£39; 2) = Pay iki Saute “Ea(-2 =) dat 


VE A ) 
af fi q n 
: = y ate V* Ep (-7) q’. (76) 


Tp TeG) n=0k=0 
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If g, 4% is absolutely summable, that is, if ©} >) | 8n,k| < oo, then we know from 
n=0k=0 
Fubini’s theorem: 
y Y fn = >) Lone 
n=0k= 


Since 


= |ax|, 


for all n € N, the series ¥ ark is convergent, and it follows that the series 
k=0 
ey —~ik VE q' 
k 1—q2 . A . Z 
XY az*e VV’ is uniformly convergent with respect to n. Also, we can write 
k=0 


Jl=¢ (-« ) 1 ce 1 

Ep A " 2B »(—q’t)d ot 

Tor qe) (4) Jo ge (—at) dp 
= 1. 


| 
=) 

— 

NI-F}] 


These immediately imply that the series in (7.6) can be interchangeable by Fubini’s 
theorem, that is, 


Vine =. 748 veg 7 a 
Wett) = VOR Sat Se Ve ng (ae 


Tp Tp (3) k=0 = n=0 q 
= VV apdk (6,4 
=0 
where 
VE nN 

1-¢ co —ik 54 ‘ g 
(€,9) e Vr? Fal | q" 

~ = wn Fel 1 yp 


Theorem 7.6. For & > 0, it holds that 


We (So) C Sy and We (B) CH. 
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Proof. By Theorem 7.5, we get 
ACRE -¥ ard (€,q)z 


and 


Since f € So, it follows that 
Y lade (6,9)| < ¥ lae| <a. 
k=2 k=2 


Thus we have, 
We (f) € So. 
Let f(z) = ¥ apzt ER, that is, ap = f (0) = 1 and if f(z) = 
k=0 


U (x,y) +iV (x,y), z=x+iye D, then U (x,y) > 0, for all z=x+iye 
We have 


We (f) (0) =a0 = 1 


with the condition ay = f (0) = 1 and for Vz = re", 


We (f34; 2) 


=F [ere (rcos(t—u) ,rsin(t—u)) E,2 (- oe) dg 


WD [oev rcos(t—u),rsin(t—u)) E,2 (- °F) dgu, 


which implies that 
Re |W: (f34, 2) 


=O [reo rcos(t—u),rsin(t—u)) E,2 (-« a 


that is, We (f3q, z) EP. Ba 


) au > 0, 
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Remark 7.5. By [11], if f € So, then f is starlike (and univalent) on D. According 
to Theorem 7.6, the operators We possess this property. 


7.2.4 Applications of q-Derivative to Operators 
In this section, we present some properties of the complex operators W¢ f (z), €>0 


via q-derivative. 


Lemma 7.5. The d;(&,q) is defined as (7.5). We have 


lim d, ; =1. 
£30 k (6 q) 
Proof. We can write 


(q+1) ioe —ikt 
lim d = lim Te: E — | dat 
i «(§.q) 8 era) fe -#5 


2 ee 


_ Vl-q oe ( g 4 
= lim + —— de he" En |-—" |} qd’. 
£30 P2 (3) » a Le 


Since the series of above equality is uniform convergent, it follows that the series 
can be interchangeable with limit, that is, 


Vi-@e, hee P_. 
lim a(S a) = ay 2. time oe Ep (- - 50") 


1-g J 2. 
= u 2E 2 (—q*u)d.u 
rah Ne 
Theorem 7.7. For all & > 0, 


1 1 
a yy, (58 CM —— we (st) cS y ; 
di (6,9) i sate) di (E,q) 5 (Si) med 


where 


S3 ail ale = {f € S$;|D 


Df (2)| <4 (€,4)} 
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and 


M 
@l<zea}- 


Proof. Let f € Sf d(é.q)" Since f € A(D), we know that f (0) = ao = 0, Dyf (0) = 
a, = 1. Also since W: (f;9, z) is continuous from Theorem 7.5, we can take g- 
derivative of it. Thus, we have 


Sty = {Fe sfaD 


4, (6.9) 


: I 
aga” (7.0) =6, aegis (ig. Ov a= 1, 


Also, since 


+1) 5) ~it\ .—2i at? 
D2Ww “qd, (q [er q DF it HE 2 (- a ii 
qh vg (F q,% z= Jeta(h) a (4) ad (ae Je q é q 


and [Daf ( z)| < |di (€,q)|, it follows that 


DW: (£34; 2) 


x ai (&.4) 


(q+1) 7 i ~2i - 
~ ia Ea Vela 7 ra |DGFf (ze) | |e" | Ea (- 2) dat 
q 


2 
< (q+1) [wr ? Ep (-« es 
Veta (4) (3) ne 


that is, ata nea VE (f) € SF. 
Now, let f € Si, 


(z)| <M . It follows that 


1 
hea (f34, 2) 


(q+1) a : 
~ |di (6,4)| VET 2 (3) af (ze) | | Ee ( q =) da 


2 
Z M pot (Aa i) d= M 
li (5,9) VET 2 ( 


which implies that rates (f)€S4 y . a 


dq, (6.9) 


Ks 
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7.2.5 Exact Order of Approximation 


For exact order of approximation, we give a modification of the operator (7.3)._ 
For € > 0, q € (0, 1), the complex g-Gauss—Weierstrass integral of f € A (D) is 
defined as 


‘ é 2 
wien d= EM (FF ee) rl) e (8S) ay 
(5) 


for z € D. The approximation properties of the We (f:q, Z) are expressed by the 
following theorem. 


Theorem 7.8. (i) Let f €A(D). For all € € (0,1] andz €D, it follows 


lw: (f54, 2) -f(2)| aC G VE) 9p 


(ii) Let us suppose that f(z) -> az for all z € Dr, R > 1. If fis not constant for 


s=Oand nota ivan: of degree <s—1fors EN, then foralll<r< 
ry, <R, € € (031), ands e NU{0} 


~S 


r 


|)" 0-0 


where the constants in the equivalence depend only on f, q, Pp, Yr, "1. 


Proof. (i) We get 


W: (f34, z) — f (2) 


a (q+1) ‘ 2 
B/E a (1) [PF 66 e") —2f (2) +F (ze")) Ep (-75) ar 


For |z| = 1, we can write 
DW (fsa) -F0 


ve 4 
< ye IF (ce) — 2F (2) +f (ze) | Ea (-75) dat 


qt1 1-2 ee 
<i [Fo (fan Eg ( q =) dat 
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< o(f:vé) Wee [vr (e+) 8; (-75) dat 


We can write the g-derivative of the equality t = Jé v/u as 


u— a fu 
= je “A 
1 
= VeGriye 


Also, using the change of variable formula for g-integral with B = 5 we have 


(q+1) 5 fer PE ( re) d = 1 [= dB (—¢2u)d 
2€ JET a (4) Ee) ra" elaalage 


and 


Vf 2 l 
12h (Pome amg eo 
0 


Thus, we have desired result. 
(ii) We follow here the ideas in the proof of [76, pp. 269-272]. We can easily see 
that for r > 1, 


wf: VE) < 
where 
on(fiVE).. =sup{ Ait (ret) : |u| < VE}. 
From (i) we have 
PEN -F] <CaNE 


for all € € (0, 1] and z € D, (see [76]). 
Now, we find the upper estimate in (ii) by using the Cauchy’s formulas. Let y be 
a circle of radius r; > 1 and center 0. For u € Y, we get 
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P@-wne|=2| f= “0 ) ne) 


This equality implies that 


[PP r—vP wef] < [FO - we (ll 
al 


S Cua (As 


For the lower estimate in (ii), firstly, let us show the Wz operator as series. Using 
(i), for the W: (f) operator, we get 


WE (A) (2) = Yo andy (E,4)z 
k=0 


where 


a Ea)= Tey ml 5 [pF Feo »(-4 2 dt 


By the mean value theorem ae to h(t) =coskt on [0,t], we get 


ldé (€,9)| < ———— ney vind |coskt| E, = dat 


=1+k is (7.7) 


Using q-derivative and taking z = re’? , we have 
[DY — DP (Wz) (AN e”? 


= Ya [k]q [ke — l,---[k—s + 1], A Sellt--P9 11 — at (E,q)] 


Integrating from —z to 7, we obtain 
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1 
20 


| [01 -0? (m2) Neo]eweae 


= assy [s+ ply [s+p—1q---[p + Uyr? [1— 4%, (.9)] 


Then, passing to absolute value and using (7.7), we easily obtain for € € (0, 1] 


pyF— Dy? (we) A], 


IV 


s+p||S+ P]q Sop pm Voges. pals |l2 (6.4) 
pees p+I],r? |1—|ds.,(6,4)]| 


IV 


s+p||S+ P]q s+p-1 


> |as+p|[s+Pl_lst+p—1],---[p+ gr? (s+) i 
Vy (5) 
= Astp S+Plg|s+p—1]q-- p+1),r?(s+p) S 
Tp (3) 


Using this inequality, we have for p > 1 and € € (0, 1] 


5 
Ta (3) 
Thus, we can say that if there exists a subsequence (€;,), in (0, 1] with limy_,.. & = 0 
|e, Ah, 
Sk 


|F— We] = lanl” 


and such that lim;_,.. 


= 0, then ap = 0 forall p > 1, that is, f is constant 


on D,. 
Therefore, if f is not constant, then for € € (0,1], there exists a constant 


Crq (f) >0 such that |] f— Ww; (f)|] > &Crg(f)- 
Now, we consider s > 1. We can write 


oP r-pP (2) (f)| > |as+p| [s+p],lst+p—1],---[p+ 1,7? (stp) ae 

r q 3 

for € € (0, 1] and for all p > 0. Similarly, if there exists a subsequence (&;), in (0, 1] 

[nr-00 Ovg Jn 

yk ——— 

for all p > 0, that is, f is a polynomial degree < s— 1 on D,. 

Therefore, if f is not a polynomial of degree < s—1, then for € € (0, 1], there 
exists a constant C,., (f) > 0 such that 


with limy_,.. & = 0 and such that limy_,.. 


* = 0, then as4, =0 


oY r- pe? (w:) (f)|| > ECra(f): | 
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